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Abstract
We derive the codimension-two defects of 4d N = 4 Super Yang-Mills (SYM) theory
from the (2, 0) little string. The origin of the little string is type IIB theory compactified
on an ADE singularity. The defects are D-branes wrapping the 2-cycles of the
singularity. We use this construction to make contact with the description of SYM
defects due to Gukov and Witten [1]. Furthermore, we derive from a geometric
perspective the complete nilpotent orbit classification of codimension-two defects, and
the connection to ADE-type Toda CFT. The only data needed to specify the defects
is a set of weights of the algebra obeying certain constraints, which we give explicitly.
We highlight the differences between the defect classification in the little string theory
and its (2, 0) CFT limit.
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2
1 Introduction
String theory has been an invaluable tool to study the properties of quantum field theories in
various dimensions. In particular, it predicts the existence of the so-called (2, 0) conformal
field theory in six dimensions; this CFT has become of great interest in recent years ([2, 3, 4]).
Most importantly, it gave new insights into lower-dimensional supersymmetric gauge theories,
for example in four dimensions (see [5, 6]). The (2, 0) CFT is labeled by an ADE Lie algebra
g, and arises in string theory after taking a double limit. One sends the string coupling to
zero in type IIB string theory on an ADE surface X to decouple the bulk modes; this gives
a six-dimensional string theory, called the (2, 0) little string theory. Second, one takes the
string mass ms to infinity, while keeping the moduli of the (2, 0) string fixed.
After taking these limits, there is no scale left in the theory, and we are left with the (2, 0)
CFT. The lack of a good mathematical definition of the CFT, however, is a limitation in the
predictions we can make about gauge theories. Instead, it proves fruitful to keep ms finite
and study the (2, 0) little string. In [7], the (2, 0) little string was studied on a Riemann
surface C with defects. Specifically, the (2, 0) little string is placed on C, and codimension-two
defects are introduced as D5 branes at points on C and wrapping non-compact 2-cycles of
the ADE surface X.
In a different context, Gukov and Witten analyze the surface defects of 4d N = 4 SYM
from a gauge theory perspective, by studying the singular behavior of the gauge and Higgs
fields in SYM near the defect [1]. In this paper, we explain the origin of these defects using
the (2, 0) little string on C, compactified on an additional torus T 2. At energies below the
Kaluza–Klein scale of compactification and the string scale, this becomes the 4d N = 4 SYM
theory. The defects come from D5 branes wrapping the T 2, or equivalently, from D3 branes
at points on T 2. In particular, the S-duality of 4d SYM theory with defects is realized in
little string theory as T-duality on the torus; the case without defects was studied already
some time ago in [8]. In the CFT limit, the resolution [9] of the (singular) Coulomb branch
of the theory on the D3 branes is in fact described by the cotangent bundle T ∗(G/P), where
P is a parabolic subgroup of the gauge group G. This space already appeared in [1] as an
alternate way to describe surface defects. It comes about as a moduli space of solutions to
Hitchin’s equations, which are precisely the equations obeyed by the brane defects in the low
energy limit. We will see here that the space T ∗(G/P) arises from the geometry; indeed, a
given set of D3 branes wrapping 2-cycles of X will determine a unique parabolic subalgebra
of g at low energies.
Everywhere except at the origin of the moduli space, which is singular, the (2, 0) little
string theory with the D5 brane defects is in effect described by the theory on the branes
themselves. Specifically, it has a description at low energy as a 4d N = 2 superconformal
quiver gauge theory of Dynkin shape. In particular, the gauge theory description of the
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so-called TN theory (when viewed as a 5d N = 1 theory), or full puncture, was derived for
any simply-laced Lie algebra g = A,D,E in [7] (see also [10, 11] for the An case). In this
paper, we give the full classification of punctures of the (2, 0) little string theory on C. Each
“class” of defects will be given by a collection of certain weights of g, from which one can
read off a superconformal quiver gauge theory. Taking the string mass ms to infinity, we
generically lose the low energy quiver gauge theory description of the defects. Indeed, if τ is
the D-brane gauge coupling, it must go to zero, as the combination τm2s is a modulus of the
(2, 0) theory, kept fixed in the limit. Nonetheless, we obtain the full list of punctures given
in the literature in terms of nilpotent orbits [5] (see also [12] for an M-theory approach in
the specific case of Dn).
Finally, the AGT correspondence [13] relates 4d N = 2 theories compactified on a Riemann
surface to 2d Toda conformal field theory on the surface. In the little string setup, the precise
statement is that the partition function of the (2, 0) little string on C with brane defects is in
fact equal to a q-deformation of the Toda CFT conformal block on C. The vertex operators
are determined by positions and types of defects. So in particular, the codimension-two
defects of the 6d (2, 0) CFT are expected to be classified from the perspective of the 2d
Toda theory. This can be done by studying the Seiberg-Witten curve of the 4d N = 2 quiver
gauge theory on the D5 branes, or equivalently, after T 2 compactification, the curve of the
2d N = (4, 4) theory on the D3 branes. At the root of the Higgs branch, and in the ms to
infinity limit, the curve develops poles at the puncture locations. The residues at each pole
obey relations which describe the level 1 null states of the Toda CFT; this was previously
studied in the An case in [14]. We argue that this characterization of defects as null states of
the CFT naturally gives the same parabolic subalgebra classification obtained in this note,
for g = A,D,E.
The paper is organized as follows. In section 2, we review the description of surface defects
of N = 4 SYM given in [1], and give its (2, 0) little string theory origin. We further derive
the action of S-duality from T-duality on T 2. In section 3, we explain how to extract a
parabolic subalgebra and characterize the sigma model T ∗(G/P) from the D3 brane defect
data of the little string. In section 4, we make contact with the nilpotent orbit classification
of defects given in the literature [5]. In section 5, we explain how the parabolic subalgebras
determined in section 3 can also be recovered from null states of the g-type Toda CFT,
and how this is related to the nilpotent orbit classification. In section 6, we explain the
differences between the defects of the little string proper, and its (2, 0) CFT limit. In order
to give the exhaustive list of defects of the little string, we will need to extend our definition
of defects to characterize punctures on C that do not specify a definite parabolic subalgebra.
In section 7, we provide a plethora of detailed examples for g = A,D,E, and illustrate all
the statements made in the rest of the paper.
4
2 SYM Surface Defects From Little String Theory
In this section, we begin by recalling the description of two-dimensional surface defects in 4d
N = 4 SYM given by Gukov and Witten in [1]. We then review the analysis of little string
theory on a Riemann surface [7], use it to describe these surface defects and derive their
S-duality transformation.
2.1 Gukov–Witten Surface Defects of N = 4 SYM
Surface defects of N = 4 SYM are 1
2
-BPS operators; to describe them, one starts with a
four-dimensional manifold M , which is locally M = D ×D′, where D is two-dimensional,
and D′ is a fiber to the normal bundle to D. Surface defects are then codimension-two
objects living on D, and located at a point on D′; they are introduced by specifying the
singular behavior of the gauge field near this defect. A surface operator naturally breaks the
gauge group G to a subgroup L ⊂ G, called a Levi subgroup.
The story so far is in fact valid for N = 2 SUSY, but N = 4 SUSY has additional parameters
~β and ~γ, which describe the singular behavior of the Higgs field φ near the surface operator;
choosing D′ = C with coordinate z = reiθ = x2 + ix3, we have:
A = ~αdθ + . . . , (2.1)
φ =
1
2
(
~β + i~γ
) dz
z
+ . . . , (2.2)
which solve the Hitchin equations [15]:
F = [φ, φ], (2.3)
Dzφ = 0 = Dzφ. (2.4)
As written above, we have chosen a complex structure which depends holomorphically on
β + iγ, while the Ka¨hler structure depends on α. Quantum mechanics also requires the
consideration of the Theta angle, denoted by η; by supersymmetry, it will complexify the
Ka¨hler parameter α.
S-duality is the statement that this theory is equivalent to N = 4 gauge theory with a dual
gauge group and coupling constant
g′4d = 1/g4d.
The action of S-duality on the surface defect parameters is a rescaling of the Higgs field
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residue
(β, γ)→
(
4pi
g24d
)
(β, γ), (2.5)
and an exchange of the gauge field and Theta angle parameters [1]
(α, η)→ (η,−α). (2.6)
The analysis of [1] gives a second description of the surface operators of N = 4 SYM, which
will be of great relevance to us; one couples the 4d theory to a 2d non-linear sigma model
on D. In the N = 4 case, the 2d theory is a sigma model to T ∗(G/P), where P ⊂ G is a
parabolic subgroup of the gauge group. The quotient describes a partial flag manifold when
the Lie algebra g is An. In the case of a general Lie algebra, the quotient is a generalized flag
variety. This target space is in fact the moduli space of solutions to the Hitchin equations (2.3).
Then, to describe a surface operator, one can either specify the parameters (β, γ, α) for
the singular Higgs and gauge fields, or spell out the sigma model T ∗(G/P). It turns out
that both of these descriptions have an origin in string theory, and we will now show this
explicitly; our starting point will be the (2, 0) little string theory.
2.2 Little String on a Riemann surface and D5 Branes
We first review some basic facts about the little string ([16, 17, 18]; see [19] for a review),
and discuss the role of D5 branes in the theory.
–(2,0) ADE Little String Theory–
The ADE little string theory with (2, 0) supersymmetry is a six dimensional string theory,
and therefore has 16 supercharges. It is obtained by sending the string coupling gs to zero
in type IIB string theory on an ADE surface X; this has the effect of decoupling the bulk
modes of the full type IIB string theory. X is a hyperka¨hler manifold, obtained by resolving
a C2/Γ singularity where Γ is a discrete subgroup of SU(2), related to g by the McKay
correspondence [20]. The little string is not a local QFT, as the strings have a tension m2s.
The (2, 0) little string reduces to a (2, 0) 6d conformal field theory at energies well below
the string scale ms. The moduli space of the little string is (R4 × S1)rk(g) /W , with W the
Weyl group of g. The scalars parametrizing this moduli space come from the periods of the
NS B-field m2s/gs
∫
Sa
BNS, the RR B-field m
2
s
∫
Sa
BRR, and a triplet of self-dual two-forms
obtained from deformations of the metric on X, m4s/gs
∫
Sa
ωI,J,K . Here, Sa are two-cycles
generating the homology group H2(X,Z). The (S1)rk(g) have radius m2s and are parametrized
by the periods of BRR. When gs is sent to zero, we keep the above periods fixed in that
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limit. We set for all a’s ∫
Sa
ωJ,K = 0,
∫
Sa
BNS = 0, (2.7)
and let
τa =
∫
Sa
(m2s ωI/gs + i BRR) (2.8)
be arbitrary complex numbers with Re(τa) > 0.
We start by compactifying the (2, 0) little string theory on a fixed Riemann surface C, which
is chosen to have a flat metric. This guarantees X × C to be a solution of type IIB string
theory. We want to introduce codimension-two defects in the little string, at points on C
and filling the four remaining directions C2. These correspond to D5 branes in IIB string
theory, wrapping non-compact 2-cycles in X and C2 [7]. Their tension remains finite in the
little string limit, so they are the correct objects to study (D3 branes also keep finite tension,
but they do not describe the codimension-two defects we are after; other objects of type IIB
either decouple or get infinite tension when gs → 0).
In [7], it is argued that the dynamics of the (2, 0) little string theory on C × C2, with an
arbitrary collection of D5 brane defects at points on C, is captured by the theory on the
branes themselves. Because the Riemann surface C, which is transverse to the D5 branes,
has a flat metric, the theory on the D5 branes is four dimensional at low energies. In fact, it
has 4d N = 2 super Poincare invariance, since the D5 branes break half the supersymmetry.
We will focus specifically on the class of D5 branes that retain some conformal invariance in
the resulting low energy 4d theory. This corresponds to a very specific choice of non-compact
2 cycles of X wrapped by the D5 branes, which we review here.
–D5 Branes and ADE quiver gauge theories–
For definiteness, we will choose the Riemann surface C to be the complex plane in what
follows (one could equally choose to work on the cylinder as in [7], or on the torus.) The
four-dimensional theory on the D5 branes is a quiver gauge theory, of shape the Dynkin
diagram of g [21]. The 4d gauge couplings are the τa defined in equation (2.8), which are
the moduli of the (2, 0) theory in 6d. The masses of fundamental hypermultiplets are the
positions of the D5 branes on C wrapping non-compact two-cycles of X. Finally, the Coulomb
moduli are the positions of the D5 branes on C wrapping compact two-cycles of X.
In order to specify a defect D5 brane charge, we pick a class [S∗] corresponding to non-
compact two-cycles in the relative homology H2(X, ∂X;Z) = Λ∗, which we identify with the
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(co-)weight lattice of g:
[S∗] = −
n∑
a=1
mawa ∈ Λ∗ (2.9)
with non-negative integers ma and fundamental weights wa. A necessary condition for
conformal invariance in 4d is that the net D5 brane flux vanishes at infinity. This constrains
the form of the coefficients ma. To satisfy the condition, we add D5 branes that wrap a
compact homology class [S] in H2(X,Z) = Λ, which we identify with the root lattice of g:
[S] =
n∑
a=1
da αa ∈ Λ (2.10)
with non-negative integers da and the simple roots αa, such that
[S + S∗] = 0. (2.11)
The vanishing of S + S∗ in homology is equivalent to vanishing of #(Sa ∩ (S + S∗)) for all a.
We can therefore rewrite (2.11) as
n∑
b=1
Cab db = ma (2.12)
where Cab is the Cartan matrix of g. On the Higgs branch of the low energy gauge theory,
the gauge group
∏n
a=1 U(da) is broken to its U(1) centers, one for each node. There, the D5
branes wrapping the compact cycles S and the non-compact cycles S∗ recombine to form D5
branes wrapping a collection of non-compact cycles S∗i , whose homology classes are elements
ωi of the weight lattice Λ
∗ = H2(X, ∂X;Z):
ωi = [S
∗
i ] ∈ Λ∗. (2.13)
It is these weights ωi that will classify the defects of the little string. Each of the ωi’s comes
from one of the non-compact D5 branes on S∗. For the branes to bind, the positions on C of
the compact branes must coincide with the positions of one of the non-compact D5 branes.
Recall that the positions of non-compact D5 branes are mass parameters of the quiver gauge
theory, while the positions of compact D5 branes on C are Coulomb moduli; when a Coulomb
modulus coincides with one of the masses, the corresponding fundamental hypermultiplet
becomes massless and can get expectation values, describing the root of the Higgs branch.
One can reasonably worry that the binding of the D5 branes will break supersymmetry, but
it is in fact preserved when one turns on the FI terms, which are the periods
∫
Sa
ωJ,K ,
∫
Sa
BNS.
8
Then, the ωi’s can always be written as a negative fundamental weight −wa plus the sum
of positive simple roots αa, from bound compact branes. Not any such combination will
correspond to truly bound branes: a sufficient condition is that ωi is in the Weyl orbit of
−wa = [S∗a] (we will relax this condition in section 6.3 and end up with a new class of defects
of the little string). Furthermore, the collection of weights
WS = {ωi} (2.14)
we get must be such that it accounts for all the D5 brane charges in [S∗] and in [S]. One
simple consequence is that the number of ωi’s is the total rank of the 4d flavor group,∑n
a=1ma. The fact that the net D5 charge is zero, [S + S
∗] = 0, implies that∑
ωi∈WS
ωi = 0,
which is equivalent to (2.12).
The most canonical type of defect is the one analyzed in [7], which makes use of the fact
that the weight lattice of a Lie algebra of rank n is n-dimensional. Then we can construct
a set WS by picking any n + 1 weight vectors which lie in the Weyl group orbits of the
fundamental weights −wa such that they sum up to zero and n of them span Λ∗. This leads
to a full puncture defect of the (2, 0) little string on C. The example below features g = A3.
Example 2.1. Let us look at the set of all the weights in the antifundamental representation of
A3; these weights all add up to 0, and all weights are in the orbit of (minus) the fundamental
weight [−1, 0, 0], written in Dynkin labels, so this set defines a valid set WS . Writing wi for
the i-th fundamental weight, we note that:
ω1 = [−1, 0, 0] = −w1,
ω2 = [ 1,−1, 0] = −w1 + α1,
ω3 = [ 0, 1,−1] = −w1 + α1 + α2,
ω4 = [ 0, 0, 1] = −w1 + α1 + α2 + α3.
Written in this fashion, the set WS defines a 4d superconformal quiver gauge theory, shown
in Figure 1. This is called the full puncture.
The full classification of defects for simply-laced g is obtained by constructing the set
WS to have size n + 1 or less. As we will explain in later sections, this is where the rich
structure of the parabolic subalgebras of g will emerge, and it will be our main object of study.
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Figure 1: The quiver theory describing a full puncture for g = A3
When the string scale ms is taken to infinity, the (2, 0) little string reduces to the (2, 0) CFT
of type g compactified on C; we lose the Lagrangian description in general, and the Coulomb
branch dimension, previously equal to
∑n
a=1 da, generically decreases. This loss of Coulomb
moduli is expected, as the theory loses degrees of freedom in the limit. This distinction in
counting Coulomb moduli between the little string and CFT cases will be important to keep
in mind throughout the rest of our discussion.
2.3 Little String Theory origin of SYM surface defects and S-
duality
–Hitchin System and Higgs Field Data–
In the little string theory, the brane defects we are studying are solutions to Bogomolny
equations on C times an extra circle S1(R1) [7]:
Dφ = ∗F. (2.15)
Little string theory enjoys T-duality, so in particular, the (2, 0) ADE Little String of type
IIB compatified on S1(R1) is dual to the (1,1) ADE Little String of type IIA compatified
on S1(Rˆ1) of radius Rˆ1 = 1/m
2
sR1. The defects are then D4 branes after T-dualizing, and
are points on C × S1(Rˆ1). These are monopoles, magnetically charged under the gauge field
coming from the (1,1) little string. The n scalars are φa =
∫
S2a
m3sω
I/g′s, where g
′
s is the IIA
string coupling, related to the IIB one by 1/g′s = R1ms/gs. F is the curvature of the gauge
field coming from the (1,1) little string.
If we want to recover the original description of the defects as D5 branes, we can take the
dual circle size Rˆ1 to be very small; the upshot is that the Bogomolny equations simplify
and we recover the Hitchin equations (2.3) we considered previously:
F = [φ, φ], (2.16)
Dzφ = 0 = Dzφ. (2.17)
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A subtlety here is that the field φ got complexified in passing from D4 branes back to D5
branes. The imaginary part of φ is the holonomy of the (1,1) gauge field around S1(Rˆ1);
this comes from the fact that the D4 branes are magnetically charged under the RR 3-form:
R1
∫
S2a×S1(R1) m
2
s C
(3)
RR. In type IIB language, after T-duality, the D5 branes are charged
under the RR 2-form instead: 1/Rˆ1
∫
S2a
BRR. All in all, the Higgs field is then written in IIB
variables as
φa = (αa, φ) = 1/Rˆ1
∫
S2a
(m2sωI/gs + iBRR) = τa/Rˆ1. (2.18)
The Seiberg-Witten curve of the quiver gauge theory on the D5 branes arises as the spectral
curve of the Higgs field φ, taken in some representation R of g:
det R(e
Rˆ1φ − eRˆ1p) = 0. (2.19)
In the absence of monopoles, φ is constant: the vacuum expectation value of the Higgs field
is Rˆ1φ = τ .
By construction, then, the Coulomb branch of the ADE quiver theory on the D5 branes
is the moduli space of monopoles on C × S1(Rˆ1). As we described in the previous section,
we ultimately want to go on the Higgs branch of the theory, where we get a description of
quiver theories as a fixed set of weights WS in g; there, all the non-abelian monopoles reduce
to Dirac monopoles. The effect on φ of adding a Dirac monopole of charge ω∨i , at a point
xi = Rˆ1βˆi on C, is to shift:
eRˆ1φ → eRˆ1φ · (1− z e−Rˆ1βˆi)−w∨i . (2.20)
Here, z is the complex coordinate on C = C. Thus, the Higgs field solving the Hitchin
equations at the point where the Higgs and the Coulomb branches meet is
eRˆ1φ(x) = eτ
∏
ωVi ∈WS
(1− z e−Rˆ1βˆi)−ω∨i . (2.21)
To take the string mass ms to infinity, we relabel e
Rˆ1βˆi = zP eRˆ1βi,P . We can then safely take
the limit Rˆ1 → 0; the imaginary part of φ decompactifies, and equation (2.19) becomes the
spectral curve of the Hitchin integrable system [3]:
det R(φ− p) = 0. (2.22)
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In this limit, the Higgs field near a puncture of C has a pole of order one, and takes the form
φ(z) =
β0
z
+
∑
P
∑
ωi∈WP
βi,P ω∨i
zP − z , (2.23)
with β0 = τ/Rˆ1 and P the set of punctures. Therefore, in the (2, 0) CFT, we have poles on
C at z = zP , with residues
βP =
∑
ωi∈WP
βi,P ω∨i .
These residues are what we called β + iγ in the N = 4 SYM setup of eq. (2.2).
– 4d S-duality is T-duality of the Little String–
To provide evidence that the surface defects of N = 4 SYM really are branes at points on C
in the (2, 0) little string, we now derive four-dimensional S-duality from T-duality of the
string theory, compactified on an additional torus T 2. Here, T 2 is the product of two S1’s,
one from each of the two complex planes C2. We label those circles as S1(R1) and S1(R2),
of radius R1 and R2 respectively.
(1, 1) string on S1(Rˆ1)× S1(R2)× R2 × C with (D4,D4) branes
T1-duality
(2, 0) string on S1(R1)× S1(R2)× R2 × C with (D3,D5) branes
T2-duality
(1, 1) string on S1(R1)× S1(Rˆ2)× R2 × C with (D4,D4) branes
Figure 2: One starts with the (1, 1) little string theory on T 2 × R2 × C. After doing two
T-dualities in the torus directions, we get the (1, 1) little string theory on the T-dual torus;
in the low energy limit, the pair of (1, 1) theories gives an S-dual pair of N = 4 SYM
theories. D3 branes at a point on T 2 map to D4 branes in either (1, 1) theory, while D5
branes wrapping T 2 map to another set of D4 branes.
First, without any D5 branes, S-duality was derived in [8], and the line of reasoning went as
follows: suppose we first compactify on, say, S1(R1); this is what we just did in the previous
section to make contact with D4 branes as magnetic monopoles. Then we are equivalently
studying the (1,1) little string on S1(Rˆ1). Compactifying further on S
1(R2), this theory is
the same as the (1,1) little string on S1(R1)×S1(Rˆ2), by T 2-duality. 4d SYM S-duality then
naturally follows from the T 2-duality of this pair of (1,1) theories. Indeed, at low energies,
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both (1, 1) little string theories become the maximally supersymmetric 6d SYM, with gauge
group dictated by g and gauge coupling 1/g26d = m
2
s. We wish to take the string scale ms to
infinity; in the case of the (1, 1) string on S1(Rˆ1), since m
2
sRˆ1 = 1/R1, the radius Rˆ1 goes
to 0 in that limit. The theory then becomes 5d N = 2 SYM, with inverse gauge coupling
1/g25d = 1/R1. After the further compactification on S
1(R2), we obtain at low energies 4d
N = 4 SYM, with inverse gauge coupling 1/g24d = R2/g25d = R2/R1.
Now, the same reasoning applied to the T 2-dual theory S1(R1) × S1(Rˆ2) gives 4d N = 4
SYM in the ms to infinity limit, with inverse gauge coupling 1/g
′2
4d = R1/R2.
Note that 1/g′4d = g4d. This is just the action of S-duality on the gauge coupling of N = 4
SYM. Writing R2/R1 ≡ Im(τ ′), with τ ′ the modular parameter of the T 2, we see that
S-duality is a consequence of T 2-duality for the pair of (1, 1) little string theories. An
illustration of the dualities is shown in Figure 2.
Now, we extend this argument and introduce the D5 brane defects; since the D5 branes
were initially wrapping T 2 × C, note that we can equivalently consider the defects to be D3
branes at a point on T 2. We now argue that the S-duality action on the half BPS surface
defects of SYM has its origin in the same T 2-duality of (1, 1) theories we presented in the
previous paragraph.
First, recall that after S1(R1) compactification, the D5 branes are charged magnetically,
with period:
φa = 1/Rˆ1
∫
Sa
(m2sωI/gs + iBRR).
In type IIB variables, we call this period β + iγ. By T-dualizing along S1(R1) we obtain
D4 branes wrapping S1(R2) in the (1, 1) little string. Now suppose we T-dualize the D5
branes along S1(R2) instead; then we have D4 branes wrapping S
1(R1), in the T
2-dual (1, 1)
little string. The D4 brane tensions in both (1, 1) theories are proportional to each other,
with factor R2/R1. But then (β, γ) → R2/R1 (β, γ) after T 2-duality. The D4 branes are
then heavy, magnetic objects in one (1, 1) theory, while they are light, electric objects in the
other. In the ms →∞ limit, (β, γ) are the parameters of the Higgs field in 4d SYM. This is
precisely the action of S-duality for the Higgs field data: (β, γ)→ Im(τ ′)(β, γ) (2.5).
Second, after T 2 compactification, the D3 branes, which are points on T 2, are charged under
the RR 4-form:
∫
Sa×S˜1×S1(R1) C
(4)
RR, where S˜
1 is a circle around the point defect on C. As
before, S1(R1) is one of the 1-cycles of T
2, and Sa is a compact 2-cycle in the ALE space
X. We call this period α. The D3 branes are also charged under
∫
Sa×S˜1×S1(R2)C
(4)
RR, where
S1(R2) is the other 1-cycle of T
2; we call this period η.
Suppose we T-dualize in the S1(R1) direction. Then α becomes the period of the RR 3-form
on Sa × S˜1; this period is in fact an electric coupling for the holonomy of the (1, 1) gauge
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field around S˜1. Also, η becomes the period of the RR 5-form on Sa× S˜1×S1(R2)×S1(Rˆ1);
this period is in fact a magnetic coupling for the holonomy of the (1, 1) gauge field around
S˜1. T-dualizing on S1(R2) instead, we reach the T
2-dual (1, 1) theory. We see that α gets
mapped to η, while η gets mapped to −α (the minus sign arises because the 5-form is
antisymmetric). So in the end, under T 2-duality, the periods change as (α, η)→ (η,−α).
Note that because the 1-cycles generating the T 2 appear explicitly in the definition of these
periods, T 2-duality does not amount to a simple rescaling of (α, η), as was the case for
(β, γ). In the low energy limit, we recover the S-duality of the gauge field and Theta angle
parameters of 4d SYM α and η in the presence of a defect (2.6).
– T ∗(G/P) sigma model and Coulomb branch of the Defect Theory–
We made contact with the surface defects of Gukov and Witten after compactifying the
(2, 0) little string on T 2 and T-dualizing the D5 branes to D3 branes. In this process, as long
as ms is kept finite, the 4d ADE quiver gauge theory that describes the D5 branes at low
energies simply becomes a two-dimensional quiver theory for the D3 branes, with the same
gauge gauge groups and fundamental matter. In the rest of this paper, we will label this
low energy ADE quiver theory on the D3 branes, together with the set of weights WS that
specified it, as T 2d. In the CFT limit, we will label the theory as T 2dms→∞. As we mentioned
already, unlike T 2d, the theory T 2dms→∞ generically has no Lagrangian description.
Now, Gukov and Witten showed that surface operators of N = 4 SYM can also be described
by a 2d sigma model T ∗(G/P), which is a moduli space of solutions to the Hitchin equations
(2.3). After taking the CFT limit of the little string theory, we saw that this moduli space is
also the Coulomb branch of the (2, 0) CFT theory on the Riemann surface C times a circle
S1(R1) (the radius R1 here being very big). As an algebraic variety, this Coulomb branch
is singular, while T ∗(G/P) is smooth. The statement is then that the (resolution of the)
Coulomb branch of the 2d ADE quiver gauge theories on the D3 branes we presented, in the
appropriate ms to infinity limit, is expected to be the sigma model to T
∗(G/P). In other
terms, the Coulomb branch of T 2dms→∞ can be identified with T
∗(G/P).
A natural question arises: how do parabolic subgroups P in T ∗(G/P) arise from the point
of view of the defects of the (2, 0) little string?
We will now see that to every ADE theory T 2d on the D3 branes, we will be able to associate
a unique parabolic subalgebra from the geometry (specifically, the non-compact 2-cycles of
X), or equivalently, from the representation theory of g (the Higgs field we introduced is
valued in the Lie algebra g, so we will speak of parabolic subalgebras rather than parabolic
subgroups); in particular, after taking the CFT limit, we will be able to read it from the
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data of the weight system WS that defines the theory T 2dms→∞.
As a side note, it is known ([5, 22, 23, 24]) that T ∗(G/P) is the resolution of the Higgs
branch of different theories from the ones we have been considering. In the little string
setup, as we reviewed, the moduli space of monopoles naturally arises as a Coulomb branch
instead of a Higgs branch. A natural guess is that those two descriptions could be related by
mirror symmetry, and this is indeed the case in all the cases we could explicitly check (all
defects in the An case, and some low rank defects in the Dn case; see also [25]). We will not
investigate this point further here, but it would be important to get a clear understanding of
the mirror map.
3 From Brane Defects to Parabolic Subalgebra Classi-
fication
We now explain how the ADE quiver theories T 2d determine the parabolic subalgebras of g.
3.1 Mathematics Preliminaries
Because they will be so crucial to our story, we review here the mathematics of parabolic
and Levi subalgebras of a Lie algebra g.
A Borel subalgebra of g is a maximal solvable subalgebra of g, and always has the form
b = h ⊕ m, where h is a Cartan subalgebra of g and m = ∑α∈Φ+ gα for some choice of
positive roots Φ+. A parabolic subalgebra p is defined to be a subalgebra of g that contains a
Borel subalgebra b, so b ⊆ p ⊆ g.
There are many different choices of Borel subalgebras of g, but we will choose one for each g
and keep it fixed. Since the Borel subalgebra is the sum of all the positive root spaces, we
can get any p by adding the root spaces associated to any closed system of negative roots.
Let us extend our notations to differentiate between distinct parabolic subalgebras: We
denote the set of positive simple roots by ∆. Take an arbitrary subset Θ ⊂ ∆. We define
pΘ to be the subalgebra of g generated by b and all of the root spaces gα, with α ∈ ∆
or −α ∈ Θ. Then pΘ is a parabolic subalgebra of g containing b, and every parabolic
subalgebra of g containing b is of the form pΘ for some Θ ⊂ ∆. In fact, every parabolic sub-
algebra of g is conjugate to one of the form pΘ for some Θ ⊂ ∆. We state the important result:
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Let 〈Θ〉 denote the subroot system generated by Θ and write 〈Θ〉+ = 〈Θ〉 ∩ Φ+. There is a
direct sum decomposition pΘ = lΘ⊕ nΘ, where lΘ = h ⊕
∑
α∈〈Θ〉 gα is a reductive subalgebra
(a reductive Lie algebra is a direct sum of a semi-simple and an abelian Lie algebra), called a
Levi subalgebra, and nΘ =
∑
α∈Φ+\〈Θ〉+ gα, is called the nilradical of pΘ. Here, α ∈ Φ+\〈Θ〉+
means that α is a positive root not in 〈Θ〉+. Note that nΘ ∼=
∑
α∈Φ−\〈Θ〉− gα ∼= g/pΘ.
Furthermore, all Levi subalgebras of a given parabolic subalgebra are conjugate to each
other [26]. We illustrate the above statements in the examples below:
Example 3.1. Consider g = A2 in the fundamental, three-dimensional representation. Then
the elements in the Cartan subalgebra have the form
h =
∗ 0 00 ∗ 0
0 0 ∗
 . (3.24)
We associate to a root αij = hi − hj the space CEij, where Eij is the matrix that has a +1
in the i-th row and j-th column, and zeroes everywhere else. Thus, we see that
b =
∗ ∗ ∗0 ∗ ∗
0 0 ∗
 , (3.25)
and the parabolic subalgebras are
p∅ = b =
∗ ∗ ∗0 ∗ ∗
0 0 ∗
 , (3.26)
p{α1} =
∗ ∗ ∗∗ ∗ ∗
0 0 ∗
 , (3.27)
p{α2} =
∗ ∗ ∗0 ∗ ∗
0 ∗ ∗
 , (3.28)
p{α1,α2} = g =
∗ ∗ ∗∗ ∗ ∗
∗ ∗ ∗
 . (3.29)
Let us look at the Levi decompositions of the above:
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Example 3.2. For g = A2, we get the following decompositions:
p∅ =
∗ ∗ ∗0 ∗ ∗
0 0 ∗
 =
∗ 0 00 ∗ 0
0 0 ∗
⊕
0 ∗ ∗0 0 ∗
0 0 0
 = l∅ ⊕ n∅, (3.30)
p{α1} =
∗ ∗ ∗∗ ∗ ∗
0 0 ∗
 =
∗ ∗ 0∗ ∗ 0
0 0 ∗
⊕
0 0 ∗0 0 ∗
0 0 0
 = l{α1} ⊕ n{α1}, (3.31)
p{α2} =
∗ ∗ ∗0 ∗ ∗
0 ∗ ∗
 =
∗ 0 00 ∗ ∗
0 ∗ ∗
⊕
0 ∗ ∗0 0 0
0 0 0
 = l{α2} ⊕ n{α2}, (3.32)
p{α1,α2} =
∗ ∗ ∗∗ ∗ ∗
∗ ∗ ∗
 =
∗ ∗ ∗∗ ∗ ∗
∗ ∗ ∗
⊕
0 0 00 0 0
0 0 0
 = l{α1,α2} ⊕ n{α1,α2}. (3.33)
Example 3.3. In the table below, we show the root spaces that the Borel subalgebra of A3 is
made of:
Θ pΘ lΘ nΘ
∅

∗ * * *
0 ∗ * *
0 0 ∗ *
0 0 0 ∗


∗ 0 0 0
0 ∗ 0 0
0 0 ∗ 0
0 0 0 ∗


0 ∗ ∗ ∗
0 0 ∗ ∗
0 0 0 ∗
0 0 0 0

: α1 : (α1 + α2) :(α1 + α2 + α3)
: α2 : (α2 + α3)
: α3
Table 1: This table illustrates the Levi decomposition of pΘ, when Θ is the empty set and
g = A3. pΘ consists of all the matrices in A3 with zeroes in the indicated places and the
other entries are arbitrary. The color code shows which positive root is denoted by which
nonzero entry.
3.2 Parabolic Subalgebras from Weight Data
We reviewed in section 2 how we could specify a defect of the little string from a set of
weights
WS = {ωi}, (3.34)
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all in the orbit of some (possibly different) fundamental weights, and adding up to 0. We
make the claim that to each set WS we can associate a parabolic subalgebra p. This map is
not injective, as many different sets of weights will typically determine the same p.
As reviewed in the last section, all parabolic subalgebras of g are determined by a subset Θ
of the simple positive roots ∆ of g. Thus, our strategy will be to extract such a set Θ from
the weights in WS .
We do so by first computing the inner product 〈αi, ωj〉, for all weights ωj in WS , and for all
positive simple roots αi of g. Then all the αi which satisfy
〈αi, ωj〉 = 0 (3.35)
for all weights ωj in WS will make up the set Θ. There is one caveat to the above procedure:
The set Θ defined as such is not invariant under the global action of the Weyl group on WS .
Thus, we modify the above prescription and define Θ as the maximal such set in the Weyl
group orbit of WS .3
Moreover, the positive roots eγ for which
〈eγ, ωi〉 < 0, 4 (3.36)
for at least one ωi ∈ WS , form a nilradical n; this nilradical specifies the Coulomb branch
of T 2dms→∞.
This n can always be obtained from the Levi decomposition pΘ = lΘ ⊕ nΘ of the parabolic
subalgebra pΘ.
As mentioned already, we emphasize here that the Coulomb branch of T 2d is generically
bigger than the Coulomb branch of T 2dms→∞. In the little string case, the Coulomb branch of
T 2d has dimension
∑n
a=1 da, where da are the ranks of the gauge groups (here, we include
the U(1) centers of the U(da) gauge groups). In the CFT limit, the space X × C can be
reinterpreted as a Calabi–Yau manifold. Thus, one can use the techniques of complex
geometry to count the Coulomb moduli of T 2dms→∞ as the complex structure deformations
of this Calabi–Yau [27]. For instance, for C a sphere with 3 full punctures, meaning the
residues of the Higgs fields φ(z) are generic, the dimension of the Coulomb branch of T 2dms→∞
is the number |Φ+| of positive roots of g. Note that for An, the full puncture of T 2d has
Coulomb branch dimension
∑n
a=1 da = |Φ+|, so in that specific case the CFT counting is the
same as the little string counting. This is generally not so for g = Dn and En.
3Note that the Weyl group acts on all the weights in WS simultaneously.
4Or equivalently, 〈eγ , ωi〉 > 0.
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The dimension of T 2dms→∞ can be conveniently recovered from the representation theory of
g. Indeed, by just keeping track of which positive roots satisfy 〈eγ, ωi〉 < 0 for an ωi ∈ WS ,
and not recording the actual value of the inner product, the positive roots are counting
Coulomb moduli of the defect theory in the CFT limit. This point is crucial in the Dn and
En cases, where higher positive root multiplicity has to be ignored to identify a nilradical of g.
Example 3.4. From Table 1 above, we will read off a nilradical from a set of weights WS
for an A3 theory. We choose WS to be the set of all four weights in the antifundamental
representation (note that they add up to 0, as they should); they make up the full puncture
of A3. Next, we note the following:
[−1, 0, 0] has a negative inner product with h1 − h2, h1 − h3, h1 − h4.
[ 1,−1, 0] has a negative inner product with h2 − h3, h2 − h4.
[ 0, 1,−1] has a negative inner product with h3 − h4.
[ 0, 0, 1] has no negative inner product with any of the positive roots.
We see that all positive roots of g are accounted for, so the nilradical nΘ is constructed
using all the positive roots, and thus, Θ = ∅. From the Levi decomposition, we therefore
identify the parabolic subalgebra as p∅. This is consistent with the fact that no simple root
αi has a vanishing inner product 〈αi, ωj〉 with all the weights ωj in WS . The discussion is
summarized in Figure 3 below.
Θ = ∅
ω1 : [−1, 0, 0]
ω2 : [ 1,−1, 0]
ω3 : [ 0, 1,−1]
ω4 : [ 0, 0, 1]
3 2 1
4
Simple root
subset of T 2dms→∞
Weights 2d Gauge Theory
Figure 3: From the set of weights WS , we read off the parabolic subalgebra p∅ of A3 (in this
case, the choice of weights is unique up to global Z2 action on the set). Reinterpreting each
weight as a sum of “minus a fundamental weight and simple roots,” we obtain the 2d quiver
gauge theory shown on the right. The white arrow implies we take the CFT limit.
Example 3.5. As a nontrivial example, let us first study the set at the top of Figure 4 for
g = D4: WS = {[−1, 0, 0, 0], [1,−1, 0, 0], [0, 1, 0, 0]}. Except for the two simple roots α3 and
α4, all the other positive roots eγ satisfy 〈eγ, ωi〉 < 0 for at least one ωi ∈ WS . Indeed, it is
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Θ = {α3, α4}
ω1 : [−1, 0, 0, 0]
ω2 : [ 1,−1, 0, 0]
ω3 : [ 0, 1, 0, 0]
3 4
2
2
2 1
ω1 : [ 1, 0, 0, 0]
ω2 : [ 1, 0, 0, 0]
ω3 : [−2, 1, 0, 0]
ω4 : [ 0,−1, 0, 0]
4 6
3
3
2 2
Simple root
subset of T 2dms→∞
Weights 2d Gauge Theory
Figure 4: From the two sets of weights WS , we read off the parabolic subalgebra p{α3,α4} of
D4. Reinterpreting each weight as a sum of “minus a fundamental weight and simple roots,”
we obtain two different 2d quiver gauge theories shown on the right. The white arrows imply
we take the CFT limit.
easy to check that 〈α3, ωi〉 = 0 = 〈α4, ωi〉 for all the ωi ∈ WS ; the set of positive roots we
obtain defines the nilradical n{α3,α4}. We then conclude from the Levi decomposition that
WS characterizes the parabolic subalgebra p{α3,α4}.
Now, in this example, we could have very well studied a different set:
WS = {[1, 0, 0, 0], [1, 0, 0, 0], [−2, 1, 0, 0], [0,−1, 0, 0]},
shown at the bottom of Figure 4. It is an easy exercise to show that one identifies the same
nilradical n{α3,α4} as previously, so the same parabolic subalgebra p{α3,α4}. This illustrates
that theories T 2d that have different quiver descriptions can end up determining the same
parabolic subalgebra after taking ms to infinity.
In particular, the two 2d theories of Figure 4 have different Coulomb branch dimensions.
In the CFT limit, we lose the quiver description of the theories, and the complex Coulomb
branch dimension of both theories reduces to 10, which is the dimension of n{α3,α4}.
We want to emphasize that throughout this discussion, it really is the set of weights WS ,
not the resulting quiver, that characterizes a defect, since two different defects in the CFT
limit can have the same quiver origin in the little string; see Figure 5 for an illustration.
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Θ = ∅
ω1 : [ 0, 1, 0, 0]
ω2 : [ 1,−2, 1, 1]
ω3 : [−1, 1, 0,−1]
ω4 : [ 0, 0,−1, 0]
Θ = {α1, α4}
ω1 : [ 0, 1, 0, 0]
ω2 : [ 0,−1, 2, 0]
ω3 : [ 0, 0,−1, 0]
ω4 : [ 0, 0,−1, 0]
3 6
3
4
2
2
Simple root
subset of T 2dms→∞
Weights 2d Gauge Theory
Figure 5: Two sets of weights WS which spell out the same quiver, but denote two different
defects; we see it is really the weights, and not quivers, that define a defect. This is clear in
the CFT limit, where two distinct parabolic subalgebras are distinguished.
Note that the case of g = An is special, in that one can start from a parabolic subalgebra of
An and obtain a 2d quiver theory from it, without any explicit reference to a set of weights;
see Figure 6 for an illustration. All the resulting quivers obey equation 2.12, as a consequence
of the Levi decomposition. Indeed, the nilradical gives the exact Coulomb moduli of the
quiver, read in a diagonal fashion from a matrix representative. The masses are read off
from the Levi subalgebra, since the latter specifies a partition.
Lastly, there are extra “special” punctures which cannot be obtained from the sets of weights
WS as defined so far. They are special in the sense that they do not determine a parabolic
subalgebra of g. We defer the analysis of these extra theories to section 6.3.
3.3 Parabolic subalgebras from Higgs field data
The characterization of defects so far has relied on identifying a subset of simple roots Θ
of the algebra g. There is yet another way the above classification can be recovered, which
relies on identifying a Levi subalgebra of g instead. This Levi subalgebra appears in the Levi
decomposition of pΘ as pΘ = lΘ ⊕ nΘ. Either way, we obtain the same parabolic subalgebra
pΘ. Let us derive this explicitly.
Recall that the Seiberg–Witten curve of the quiver gauge theory on the D5 branes is the
spectral curve of the Higgs field φ, taken in some representation R of g ([28, 29, 30]). We
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Θ lΘ
∅

∗ 0 0 0
0 ∗ 0 0
0 0 ∗ 0
0 0 0 ∗

{α1}

∗ ∗ 0 0
∗ ∗ 0 0
0 0 ∗ 0
0 0 0 ∗

{α2}

∗ 0 0 0
0 ∗ ∗ 0
0 ∗ ∗ 0
0 0 0 ∗

{α3}

∗ 0 0 0
0 ∗ 0 0
0 0 ∗ ∗
0 0 ∗ ∗

{α1, α2}

∗ ∗ ∗ 0
∗ ∗ ∗ 0
∗ ∗ ∗ 0
0 0 0 ∗

{α2, α3}

∗ 0 0 0
0 ∗ ∗ ∗
0 ∗ ∗ ∗
0 ∗ ∗ ∗

{α1, α3}

∗ ∗ 0 0
∗ ∗ 0 0
0 0 ∗ ∗
0 0 ∗ ∗

{α1, α2, α3}

∗ ∗ ∗ ∗
∗ ∗ ∗ ∗
∗ ∗ ∗ ∗
∗ ∗ ∗ ∗

[1,1,1,1]
[2,1,1]
[3,1]
[2,2]
nΘ
0 ∗ ∗ ∗
0 0 ∗ ∗
0 0 0 ∗
0 0 0 0


0 0 ∗ ∗
0 0 ∗ ∗
0 0 0 ∗
0 0 0 0


0 ∗ ∗ ∗
0 0 0 ∗
0 0 0 ∗
0 0 0 0


0 ∗ ∗ ∗
0 0 ∗ ∗
0 0 0 0
0 0 0 0


0 0 0 ∗
0 0 0 ∗
0 0 0 ∗
0 0 0 0


0 ∗ ∗ ∗
0 0 0 0
0 0 0 0
0 0 0 0


0 0 ∗ ∗
0 0 ∗ ∗
0 0 0 0
0 0 0 0


0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

3
2
1
2
2
1
2
2
1
2
2
1
1
1
1
1
1
1
1
2
1
3 2 1
4
2 2 1
2 1
1 1 1
1 1
1 2 1
2
Figure 6: How to read off An quiver theories directly from the Levi decomposition of a
parabolic subalgebra; here we show n = 3. The matter content is written as a partition,
specified by the Levi subalgebra. The nilradical, read off in diagonal fashion in the upper
triangular matrix, gives the Coulomb content. Note the resulting quivers automatically obey
the condition 2.12. This way of reading off a quiver gauge theory directly from a parabolic
subalgebra is a peculiarity of the g = An case.
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described the ms to infinity limit after which the Seiberg–Witten curve of the theory becomes
the spectral curve of the Hitchin integrable system
det R(φ− p) = 0.
After T 2 compactification, the same equation is solved by D3 branes instead, so we can say
that the above spectral curve is the Seiberg–Witten curve of the two-dimensional theory
T 2dms→∞. At the root of the Higgs branch, where the Coulomb and Higgs branches meet, this
expression simplifies: the Higgs field near a puncture of C has a pole of order one. After
shifting this pole to z = 0, we get
0 = det
(
p · 1−
∑
ωi∈WS βˆiωi
z
+ reg.
)
, (3.37)
where WS is the set of weights introduced in section 2. The βˆi are mass parameters of the
gauge theory, which correspond to insertion points of the D3 branes on C.
Thus, the residue at the pole diagonalizes, and the diagonal entries can be interpreted as
hypermultiplet masses. So at the root of the Higgs branch, the Higgs field is described by an
honest semi-simple element of g. From this semi-simple element, we can once again recover
a parabolic subalgebra p. Indeed, given a semi-simple (diagonalizable) element S (in our
cases, we’ll always have S ∈ h), its centralizer
gS := {X ∈ g ∣∣ [X,S] = 0} (3.38)
is reductive and is in fact a Levi subalgebra lS of some parabolic subalgebra pS.
Since the Higgs field at a puncture of C has a pole with semi-simple residue, we can use this
construction to associate a Levi subalgebra l to a defect. The smallest parabolic subalgebra
containing l is then the parabolic subalgebra defining the theory. Thus, we achieved our goal
of building a parabolic subalgebra, starting from a given Higgs field of a quiver theory T 2d.
Example 3.6. For g = A2, assume that the Higgs field has a pole with semi-simple residue
φ = S
z
near z = 0. In the fundamental representation of sl3, a possible choice for S is
S =
β 0 00 β 0
0 0 −2β
 . (3.39)
The Levi subalgebra of sl3 associated to this semi-simple element is the centralizer of S,
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which has the form
gS =
∗ ∗ 0∗ ∗ 0
0 0 ∗
 = l{α1} (3.40)
The parabolic subalgebra associated to this S is then p{α1} from example 3.2.
4 Surface defects and Nilpotent Orbits
We now explain how the classification of surface defects presented here is connected to the
classification of codimension-two defects via nilpotent orbits.
4.1 A short review
The characterization of a puncture as studied in the 6d (2, 0) CFT literature [5] is given
in terms of a nilpotent orbit of the algebra: An element X ∈ g is nilpotent if the matrix
representative (in some faithful representation) is a nilpotent matrix. If X is nilpotent,
then the whole orbit OX of X under the adjoint action of G is nilpotent – we call this a
nilpotent orbit. For readers interested in details and applications, the textbook [31] serves
as an excellent introduction.
For a simple Lie algebra, the number of such nilpotent orbits is finite, and studying their
properties leads to many connections to different branches of representation theory. For
g = An, these orbits are labeled by Young diagrams with n + 1 boxes; for g = Dn, they
are classified by Young diagrams with 2n boxes which satisfy some conditions (see [31] for
details.)
An important fact is that for any nilpotent orbit O, the closure O is always a union of
nilpotent orbits. Furthermore, there is a maximal orbit Omax whose union contains all other
nilpotent orbits of g. This allows us to define an ordering on these orbits:
Given two nilpotent orbits O1,O2 ⊂ g, we define the relation
O1  O2 :⇔ O1 ⊆O2 , (4.41)
whereO is the closure in the Zariski topology. This turns the set of all nilpotent orbits into
a partially ordered set.
For An and Dn, this order corresponds to the dominance order of the Young diagrams used
to label the orbits.
Example 4.1. For an An nilpotent orbit labeled by a partition [d1, . . . , dk], a matrix represen-
tative is given by k Jordan blocks of size di × di. Taking the example of n = 3, there are
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five different nilpotent orbits. Their Hasse diagram can be found below in Figure 7. For
instance, the sub-dominant diagram [3, 1] labels the orbit of
X[3,1] =

0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
 . (4.42)
Figure 7: This diagram represents the inclusion relations between the nilpotent orbits of A3.
In [5], boundary conditions of the 6d (2, 0) CFT are determined by solutions to Nahm’s
equations. These equations admit singular solutions near a puncture which are labeled by
embeddings ρ : sl2 → g. Since σ+ ∈ sl2 is nilpotent, its image ρ(σ+) is as well, and defines a
nilpotent orbit. By the Jacobson–Morozov theorem, this gives a one-to-one correspondence
between such embeddings and nilpotent orbits. Thus, by dimensional reduction, 1
2
-BPS
surface defects of 4d N = 4 super Yang–Mills are typically labeled by nilpotent orbits.
4.2 Nilpotent orbits from Levi subalgebras
Since we now have two different constructions of surface defects, we should explain how we
can relate them (a related discussion can be found in [5]):
Given a parabolic subalgebra p = l⊕n, the nilpotent orbit Op associated to it is the maximal
orbit that has a representative X ∈ Op for which X ∈ n. This induced orbit agrees with
what is referred to as the Richardson orbit of p.
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If g is An or Dn, this map can be most easily described using the semi-simple pole of the
Higgs field. We represent the pole in the first fundamental representation, and assign a
Young diagram (with n+ 1 or 2n boxes, respectively) to it by counting the multiplicities of
the eigenvalues. For An, these Young diagrams are given by the sizes of the blocks making
up the Levi subalgebra l (see Figure 6).
To this Young diagram, we can apply the so-called Spaltenstein map [32], which gives another
Young diagram of the same size [31]. For An, this map is just the transposition.
This Young diagram labels the nilpotent orbit describing a defect according to [5]; adding
this nilpotent element to the Higgs field describes a Coulomb deformation of the theory
T 2dms→∞, meaning we are moving away from the root of the Higgs branch.
Young diagrams are not available for exceptional Lie algebras, but this correspondence can
be described at any rate by using the so-called Bala-Carter labels [33, 34].
Thus, we get a map which associates one of the theories in [5] to the 2d theory T 2dms→∞. This
was checked explicitly by comparing to the data in [35, 36, 37]. Furthermore, we will revisit
this correspondence when considering the Seiberg–Witten curves of our theories in section
5.3.
Example 4.2. Let us show how to get the nilpotent orbits of A3 in Figure 7 from parabolic
subalgebras. To assign the right nilpotent orbit to them, we take the transpose of the
partition describing the Levi subalgebra. The resulting Young diagram labels a nilpotent
orbit, which describes a Coulomb deformation of the theory. Since this partition is the same
one that is assigned to the pole of the Higgs field (in the first fundamental representation),
we can also directly get the nilpotent orbit from the Higgs field data.
The correspondence we get can be read off from Table 2 below.
Θ O
∅ [4]
{αi} i=1,2,3 [3,1]
{α1, α2} [2,2]
{α1, α3} [2,1,1]
{α1, α2, α3} [1,1,1,1]
Table 2: In this table, we read off which parabolic subalgebras of A3 (labelled by a subset Θ
of positive simple roots) induce which nilpotent orbits O (labelled by Young diagrams).
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5 Surface Defect classification and W(g)-algebras
In [7], the partition function of the (2, 0) g = ADE little string on C with certain D5 brane
defects is shown to be equal to a q-deformation of the g-Toda CFT conformal block on
C, with vertex operators determined by positions and types of defects. In this section, we
analyze the previous classification of defects of the little string and its relation to parabolic
subalgebras from the point of view of the dual g-type Toda CFT. Strictly speaking, the
theory dual to the little string is a q-deformation of g-type Toda, which has a deformed
W(g)-algebra symmetry, and is therefore not a CFT [38]; for an analysis in this deformed
setting, see [39]. For our purposes, it will be enough to turn off that deformation and work
with the usual Toda CFT and its W(g)-algebra symmetry; this is the counterpart to the ms
to infinity limit in the (2, 0) little string description, which gives the (2, 0) 6d CFT.
5.1 Levi subalgebras from level-1 null states of Toda CFT
In free field formalism, the ADE Toda field theory can be written in terms of n = rk(g) free
bosons in two dimensions with a background charge contribution and the Toda potential
that couples them:
SToda =
∫
dzdz¯
√
g gzz¯[(∂z ~ϕ · ∂z¯ ~ϕ) + (~ρ · ~ϕ) QR +
n∑
a=1
e~αa·~ϕ/b]. (5.43)
The field ϕ is a vector in the n-dimensional (co-)weight space, the inner product is the
Killing form on the Cartan subalgebra of g, ~ρ is the Weyl vector, and Q = b+ 1/b. The ~αa
label the simple positive roots.
The Toda CFT has an extended conformal symmetry, a W(g)-algebra symmetry. The ele-
ments of the Cartan subalgeba h ⊂ g define the highest weight states |~β〉 of theW(g)-algebra.
It turns out that null states of this algebra play a crucial role in classifying the defects we
have identified from the gauge theory perspective. Indeed, as shown in [14] for g = An,
punctures can be classified via level 1 null states of the Toda CFT. This is also true for Dn
and En; in this section, we will review how to construct these null states, and we will see that
they distinguish the same parabolic subalgebras pΘ of g we encountered before. As we will ex-
plain, the set of simple roots Θ plays a very clear role in theW(g)-algebra null state condition.
We can use the vertex operators to construct highest weight states |~β〉 of the W(g)-algebra
by acting on the vacuum, |~β〉 = limz→0 e~β·~φ(z)|0〉. These give rise to a Verma module over
|~β〉 by acting with W(g)-algebra generators. For some of the |~β〉, these representations are
degenerate, because they contain a null state; we say that |χ〉, in the Verma module over
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|~β〉, is a level k null state of the W(g)-algebra if for all spins s:
W (s)n |χ〉 = 0, ∀n > 0, (5.44)
W
(2)
0 |χ〉 = (Eβ + k)|χ〉, (5.45)
where W
(2)
0 |~β〉 = Eβ|~β〉.
The Verma module over |~β〉 contains such a null state at level k if the Kacˇ determinant at
level k vanishes. For any semi-simple g, this determinant at level k is a non-zero factor times∏
~α∈Φ
m,n≤k
(
(~β + α+~ρ+ α−~ρ∨) · ~α− (12~α2mα+ + nα−)
)pN (k−mn)
, (5.46)
where pN(l) counts the partitions of l with N colours and Φ is the set of all roots of g [40].
For us, (α+, α−) = (b, 1/b).
Note that this determinant is invariant only under the shifted action of the Weyl group,
~β 7→ w(~β + α+~ρ+ α−~ρ∨)− (α+~ρ+ α−~ρ∨), (5.47)
where w is the ordinary Weyl action.
If g is simply laced, and ~α = ~αi is a simple root, the condition that this determinant vanishes
can be phrased as
~β · ~αi = (1−m)α+ + (1− n)α−. (5.48)
We see that any ~β with ~β · ~αi = 0 for a simple root ~αi gives rise to a level 1 null state, and if
Q := (α+ + α−)→ 0, a null state at level 1 occurs if ~β · ~α = 0 for any ~α ∈ Φ. Furthermore,
in this limit, the shift in the Weyl group action disappears. It is enough to work in this
“semi-classical” limit for our purposes, so we will set Q to 0 in what follows.
We can explicitly construct these null states: Consider the screening charge operators
Q±i =
∮
dz
2pii
exp(iα±~αi · ~φ) (5.49)
and observe that
[W (k)n , Q
±
i ] = 0. (5.50)
The level 1 null state is then
S+i |~β − α+~αi〉. (5.51)
Explicit forms of these null states for g = An or Dn are shown in the examples of section 7.
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The relation to the parabolic subalgebras introduced in section 3 is immediate: we simply
associate a generic null state |~β〉 satisfying
~β · ~αi = 0 ∀~αi ∈ Θ
with the parabolic subalgebra pΘ.
We also note that this ~β defines a semi-simple element in g; this is just the residue of the
Higgs field at the puncture, as explained in section 3.3.
We show next that these these null states induce relations in the Seiberg–Witten curve of the
theory T 2dms→∞. Indeed, the Seiberg–Witten curve of T
2d
ms→∞ (3.37) can be obtained from a
free field realization of the W(g)-algebra. We will simply read off the null states as relations
between the curve coefficients. Generically, these relations only involve semi-simple elements
of the algebra g. In 5.3, we will see these relations are still preserved when one additionally
introduces certain nilpotent deformations.
When working in the q-deformed setting, the formula for the Kacˇ determinant is an expo-
nentiated version of (5.46) [41]. This implies that the null states can be defined analogously
for the q-deformed W(g)-algebra.
5.2 Seiberg–Witten curves from W(g)-algebras
As we reviewed previously, the Seiberg–Witten curve of T 2dms→∞ is the spectral curve equation
det R(φ− p) = 0. (5.52)
In our case, φ has a simple pole such that the residue is a semi-simple element of g, which
we can write as
~β =
∑
ωi∈WS
βˆiωi. (5.53)
To find the curve near the pole, which we assume to be at z = 0, we can just choose some conve-
nient representation R, where the residue of φ is diagonal, and given by diag(β1, β2, . . .) =: M .
Then φ = M
z
+ A, with A a generic element in g.
We now expand eq. (5.52) and write the curve as
0 = det
(
−p · 1 + M
z
+ A
)
= (−p)dim(R) +
∑
s
pdim(R)−sϕ(s), (5.54)
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where ϕ(s) is a meromorphic differential, i.e. ϕ(s) =
s∑
k=0
ϕ
(s)
k
zk
, where the ϕ
(s)
k are regular
functions of βi and aij (the entries of A).
Since M is diagonal, this determinant just picks up the diagonal terms aii of A, which we
identify with the gauge couplings of the quiver theory.
Now, we can also construct the Seiberg–Witten curve of T 2dms→∞ from the W(g)-algebra
[14, 42]: For this, we need to perform a Drinfeld–Sokolov reduction to obtain explicit W(g)-
algebra generators in the free field realization5. Setting Q = 0 gives us a direct connection
to the two dimensional quiver defined by the semi-simple element ~β ∈ g (cf. section 3.3):
We can identify the poles of the Seiberg-Witten differentials with expectation values of these
W(g) algebra generators in the state |~β〉:
ϕ(s) = 〈~β|W (s)|~β〉. (5.55)
We checked this relation explicitly for An and Dn theories.
Example 5.1. Let us look at the curve describing the full puncture for g = A2:
Take the fundamental three-dimensional representation of sl3 and write
M =
β1 0 00 β2 0
0 0 −β1 − β2
 , A =
a11 a12 a13a21 a22 a23
a31 a32 −a11 − a22
 . (5.56)
Then the curve can be expanded, and we read off the differentials. For example, ϕ(2), the
coefficient multiplying p, has the form
ϕ(2) =
ϕ
(2)
2
z2
+
ϕ
(2)
1
z
+ ϕ
(2)
0 , (5.57)
where
ϕ
(2)
2 =
1
2
(
β21 + β
2
2 + (−β1 − β2)2
)
:=
1
2
(~β)2, (5.58)
ϕ
(2)
1 = a11(2β1 + β2) + a22(β1 + 2β2). (5.59)
Furthermore,
ϕ
(3)
3 = −β21β2 − β22β1,
ϕ
(3)
2 = a11(−2β1β2 − β22) + a22(−2β1β2 − β21).
(5.60)
5We thank Kris Thielemans for sending us his OPEDefs.m package [43], which allowed us to do these
calculations
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Now from the CFT side, for g = A2, define X
j = i∂φj. In the fundamental representation,
X1 +X2 +X3 = 0. Then the generators are just the energy momentum tensor
T (z) = W (2)(z) =
1
3
(:X1X1: + :X2X2: + :X3X3:− :X1X2:− :X1X3:− :X2X3:)
and the spin 3 operator
W (3)(z) = :
(
2
3
X1 − 1
3
X2 − 1
3
X3
)
·
(
−1
3
X1 +
2
3
X2 − 1
3
X3
)
·
·
(
−1
3
X1 − 1
3
X2 +
2
3
X3
)
: .
For the full puncture, we find at once that 〈~β|L0|~β〉 is equal to ϕ(2)2 from above, while
〈~β|W (3)0 |~β〉 is equal to ϕ(3)3 , as expected. For the level 1 modes, one finds
〈~β|W (2)−1 |~β〉 = (2β1 + β2)〈~β|j1−1|~β〉+ (β1 + 2β2)〈~β|j2−1|~β〉, (5.61)
〈~β|W (3)−1 |~β〉 = (−2β1β2 − β22)〈~β|j1−1|~β〉+ (−β21 − 2β1β2)〈~β|j2−1|~β〉, (5.62)
where jik denotes the k-th mode of X
i.
Observe that this has the form (5.60) if we identify 〈~β|ji−1|~β〉 with the i-th gauge coupling
constant.
For more complicated defects, theW(g)-algebra generators will have terms that are derivatives
of X — these are set to zero in the semiclassical Q→ 0 limit we are considering; after doing
so, the reasoning is as above.
5.3 Null state relations
Punctures that are not fully generic are determined by semi-simple elements ~β ∈ g whose
Verma modules contain null states at level one. Since the eigenvalues of the level one
W(g)-algebra generators appear as coefficients in the curve, the existence of these null states
induces some relations between these coefficients.
For g = An and Dn in the fundamental representation, the pattern is easy to see. The
condition ~β · ~α = 0 for some positive root ~α will cause some of the entries of M =
diag(β1, β2, . . .) to be equal to each other; if the entry βi occurs k times, we get null states
by letting the operator ∑
s
βsiW
(dim(R)−s)
−1 , (5.63)
and its k − 1 derivatives with respect to βi, act on |~β〉. Thus, each theory induces some
characteristic null state relations which are realized in the Seiberg–Witten curve.
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We now use this observation to connect these curves to nilpotent orbits: note that all the
curves considered so far were written as
det
(
−p · 1 + M
z
+ A
)
= 0 (5.64)
for some diagonal M and a generic A in g. In the nilpotent orbit literature, the curves
considered in [36, 35, 37] have the form
det
(
−p · 1 + X
z
+ A
)
= 0, (5.65)
where, again, A is a generic element in g, and X is a representative of a nilpotent orbit OX .
We can now simply combine these two poles and form a curve of the form
det
(
−p · 1 + e X
z
+
M
z
+ A
)
= 0, (5.66)
where M is semi-simple, X ∈ OX is nilpotent and e is a parameter. We will test the
correspondence between theories defined by nilpotent orbits and theories defined by semi-
simple elements from this vantage point. Recall from section 4 that the semi-simple element
M ∈ g induces a nilpotent orbit O. We observe the following facts:
• Whenever an orbit O′  O, it is always possible to find an X ∈ O′ such that all the
null state relations of the curve (5.64) are still satisfied by the curve (5.66).
• Whenever an orbit O′  O, it is never possible find an X ∈ O′ such that all the null
state relations of the curve (5.64) are still satisfied by the curve (5.66).
This gives a prescription for allowed deformations; from the perspective of the theory T 2dms→∞,
this corresponds to leaving the root of the Higgs branch by turning on certain Coulomb
moduli.
Example 5.2. For g = A2, the only interesting state is ~β = (β1, β1,−2β1); we can get the
level one coefficients of the curve by setting β1 = β2 in example 5.1:
φ
(2)
1 = 〈W (2)−1 〉 = 3β1(a11 + a22),
φ
(3)
2 = 〈W (3)−1 〉 = −3β21(a11 + a22),
(5.67)
so we see that
〈W (3)−1 〉+ β1〈W (2)−1 〉 = 0. (5.68)
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If we now add the nilpotent element X =
0 0 10 0 0
0 0 0
 , then
φ
(2)
1 = 3β1(a11 + a22) + e a31,
φ
(3)
2 = −3β21(a11 + a22)− e β1a31,
(5.69)
and the null state relation (5.68) is still satisfied.
6 Defects of (2,0) Little String versus Defects of (2,0)
CFT
Up until now, we have been been using the little string theory as a tool to derive codimension-
two defects of the (2, 0) CFT, and in particular exhibit the parabolic subalgebras that arise
in that limit. In this section, we keep ms finite, and comment on the classification of defects
of the (2, 0) little string proper. In particular, as we have emphasized in section 3, when we
work with the little string and not its conformal field theory limit, parabolic subalgebras are
in general not visible (exceptions are when g = An, as we had illustrated in Figure 6, and in
a few low rank cases when g = Dn and g = En.)
We also address a question that was not answered so far: certain nilpotent orbits of g are
not induced from any parabolic subalgebra. The simplest example would be the minimal
nilpotent orbit of D4. These denote nontrivial defects of the (2, 0) CFT, so one should ask
if they arise at all from the little string, since so far all the quiver theories we constructed
distinguished a parabolic subalgebra. We will see that these exotic defects do indeed originate
from the little string. To properly analyze them, we must first understand how flowing on
the Higgs branch of a defect is realized from representation theory.
6.1 T 2d and Higgs flow as Weight Addition
In this section, we describe an effective and purely group-theoretical way to flow on the
Higgs branch of different 2d quiver theories T 2d, for any simple g. We show that in the An
case, this agrees with standard brane engineering and Hanany-Witten transitions [44]. As
an application, this procedure will be used to analyze the punctures that fall outside of the
parabolic subalgebra classification we have spelled out so far.
Our setup will be the usual one in this paper: we consider the quiver gauge theory T 2d that
describes the low energy limit of D3 branes wrapping 2-cycles of the ALE space X times C.
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The D3 branes are points on the Riemann surface C and on the torus T 2.
We claim that moving on the Higgs branch of T 2d translates to a weight addition procedure in
the algebra: this makes use of the fact that a weight belonging to a fundamental representation
can always be written as the sum of new weights. Each of them should be in the orbit of
some fundamental weight (the two orbits do not have to be the same, here), while obeying
the rule that no subset adds up to the zero weight.
After moving on the Higgs branch of T 2d, we obtain a new 2d theory T 2d
′
with a new set
of weights, but the same curve. When the gauge theory can be engineered using branes,
going from T 2d to T 2d
′
is called a Hanany–Witten transition [44]. There, as we will see, a
D5 brane passing an NS5 brane creates or removes D3 branes stretching between the two.
When a brane construction is not available, the weight description we give is still valid, for
an arbitrary simply laced Lie algebra..
Note that this weight addition formalism also gives a generalization of the S-configuration
[44]: No weight in a fundamental representation can ever be written as the sum of two
identical weights.
In the An case, where we have a brane picture, this statement translates immediately to the
S-rule, which is then automatically satisfied. This argument is however applicable to Dn
and En theories as well, so this gives an ADE-type S-rule.
6.2 Brane Engineering and Weights
For An theories and Dn theories obtainable by an orbifolding procedure, the above discussion
can be realized by brane engineering of the theory. We can conveniently represent the weights
of the algebra, and in particular, their Dynkin labels, using a configuration of D3 branes
stretching between NS5’s and D5 branes. To see how this works, let us focus on the i-th
Dynkin label of a weight:
• A D3 brane coming from the left ending on the i − th NS5 contributes −1 to the
weight’s i-th label.
• A D3 brane coming from the right ending on the i-th NS5 contributes +1 to the
weight’s i-th label.
• A D3 brane coming from the left ending on the i + 1-th NS5 contributes +1 to the
weight’s i-th label.
• A D3 brane coming from the right ending on the i+ 1-th NS5 contributes −1 to the
weight’s i-th label.
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[−1, 1, 0]
−w3 + α2 + α3
[0,−1, 0, 0]
−w2
[−1, 0]
−w1
[−1, 0]
−w1
[0,−1, 1,−1]
−w3 + α3
[0,−1, 0, 1]
−w3 + α3 + α4
Figure 8: How to read off weights from a system of D3, D5, and NS5 branes.
• Finally, a D5 brane present between the i-th and i+ 1-th NS5’s contributes −1 to the
weight’s i-th label.
All in all, a D3 brane stretching between a D5 brane and an NS5 brane (while possibly going
through some other NS5 branes) produces a weight, whose Dynkin labels are a combination
of 1’s, −1’s, and 0’s. The map is not injective: for a given weight, there can be many brane
configurations.
So the Dynkin labels record the total charge of the D3 brane configuration. The statement
that the sum of weights is 0 is then a statement about vanishing of D3 brane flux. Note that
the configuration of branes spells out a quiver gauge theory at low energies, which is the
expected theory T 2d we would write based on the weight data WS. See Figure 9 for some
examples.
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[1,−1, 0, 0] + [−1, 0, 0, 0]
−w1 + α1 − w1
[0,−1, 1,−1] + [0, 0,−1, 1]
−w3 + α3 − w4 + α4
[0,−1, 0, 0]
−w2
[0,−1, 1, 0] + [0, 0,−1, 0]
−w4 + α3 + α4 − w3
[0,−1, 0, 1] + [0, 0, 0,−1]
−w3 + α3 + α4 − w4
2 2 2 1
2 1
1 2 3 2
2 1
1 2 2 1
1 1
1 2 3 2
2 1
1 2 3 2
2 1
Figure 9: Flowing on the Higgs branch of T 2d: starting from the theory in the middle, these
are all the theories one can obtain by replacing the weight on node 2 by a sum of two weights.
The top picture shows the detailed brane picture for each of the quivers. These all have a
low-energy 2d quiver gauge theory description (the ones shown below). At the root of the
Higgs branch, the partition functions of all 5 theories are equal.
6.3 Polarized and Unpolarized Punctures of the Little String
We finally come to the description of defects in the little string that happen to fall outside
the parabolic subalgebra classification we have spelled out so far.
Suppose we pick a weight in the i-th fundamental representation. Unless it is the null weight,
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ω1ω1
ω1ω1
ω1 : [−1, 0, 0, 0, 0] = −w1
ω1 : [−1, 0, 0, 0, 0] = −w3+α2+2α3+α4+α5
10.a: The brane realization of the weight [−1, 0, 0, 0, 0] of D5. We started with A9 theory and
performed a Z2 orbifold to obtain the picture. This weight can be written in two ways: by placing
the D5 brane between the first two NS5 branes (top), the weight is written in an “appropriate way”
. By placing the D5 brane between the “wrong” set of NS5 branes (bottom), the resulting quiver
will be unpolarized and will not distinguish a parabolic subalgebra.
ω1ω1
ω1 : [0, 0, 0, 0] = −w2 + α1 + 2α2 + α3 + α4
10.b: Simplest unpolarized defect: the null weight [0, 0, 0, 0] of D4, realized here with branes. We
started with A7 theory and performed a Z2 orbifold to obtain the picture. This theory does not
distinguish a parabolic subalgebra.
it is in the orbit of one and only one fundamental weight, say the j-th one. In our entire
discussion so far, and in all the examples of [7], we had i = j. In terms of the gauge theory,
if all weights are chosen so that i = j, then T 2dms→∞ distinguishes a parabolic subalgebra, as
explained in section 3.2. We call such a 2d theory polarized. 6
However, in the Dn and En cases, it can also happen that i 6= j, or that the weight we pick
is the null weight. See Figures 10.a and 10.b. In terms of the gauge theory, if at least one
of the weights in WS falls under this category, the theory T 2dms→∞ does not distinguish a
6The terminology here comes from the fact that the parabolic subgroup P in T ∗(G/P) is often called a
polarization of some nilpotent orbit O, through the resolution map T ∗(G/P)→ O, with O the closure of O.
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parabolic subalgebra. We call such a 2d theory unpolarized.
We saw in section 6.1 that if we start with a polarized theory T 2d, then after flowing on the
Higgs branch, we still end up with a polarized theory T 2d
′
. What happens to unpolarized
theories? If we start with a such a theory T 2d, then after moving on the Higgs branch, it is in
fact always possible to end up with a theory T 2d
′
that is polarized. This resulting polarized
theory T 2d
′
is of course highly specialized, since some masses have to be set equal to each
other as a result of the Higgs flow.
This is the viewpoint we take to analyze all unpolarized theories: we will flow on the
Higgs branch until they transition to polarized theories. In practice, it means that every
“problematic” weight in an unpolarized theory can be written as a sum of weights to give a
polarized theory. Note that for An, every quiver theory T
2d is polarized, while this is not
the case for Dn and En. An illustration of how one can start with an unpolarized theory
and arrive at a polarized theory is shown in Figure 10 below.
ω′1
ω′′1
ω′1
ω′′1
ω1ω1
1 2
1
1
1
2 2
1
1
2
Unpolarized
Polarized
ω′1 : [−1, 0, 0, 0] = −w1
ω′′1 : [ 1, 0, 0, 0] = −w1+2α1 + 2α2 + α3 + α4
ω1 : [0, 0, 0, 0] = −w2 + α1 + 2α2 + α3 + α4
Figure 10: The brane picture for the zero weight of D4 (top of the figure), which makes up
an unpolarized theory at low energies. It is obtained after Z2 orbifolding of A7. The D5
branes sit on top of the D3 branes, and all the D3 branes are stacked together. After flowing
on the Higgs branch, we end up with a polarized theory, with the two masses equal to each
other.
One should ask what happens to unpolarized defects in the context of Toda CFT. As we
have seen in section 5, polarized defects are described by momenta that obey null state
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relations of the corresponding W(g)-algebra. This is consistent with what can be found in
the class S literature [5]; for instance, for the minimal puncture of D4 from Figure 10, the
defect in the CFT limit is predicted to have no flavor symmetry. In particular, it is unclear
what vertex operator one would write in D4-Toda; indeed, in the little string formalism, the
defect is the null weight, which suggests a trivial conformal block with no vertex operator
insertion! To investigate this issue more carefully, it is useful to keep ms finite and work
in the little string proper; there, a computation in the spirit of [45, 46, 7], shows that the
partition function of T 2d is in fact not a q-conformal block of D4 Toda, due to subtleties of
certain non-cancelling fugacities. In other words, the claim that the partition function of
T 2d is a q-conformal block of g-type Toda fails precisely when T 2d is an unpolarized defect,
and only for those cases.
6.4 All Codimension-Two Defects of the (2,0) Little String
From the considerations above, we get a complete list of the D3 brane defects of the (2, 0)
little string that are points on C ×T 2, and which preserve conformality (in a 4d sense, before
T 2 compactification). These are the polarized and unpolarized punctures we presented. Each
of them is characterized by a set of weights in g, which produce a quiver gauge theory at
low energies, satisfying 2.12. Enumerating the (2, 0) little string defects, for a given g, is
then a finite counting problem.
For Dn and En, we find that the number of resulting theories T
2d one obtains from specifying
a set of weights, although finite, far exceeds the number of the CFT defects as enumarated in
[5]. What is happening is that in the CFT limit, many distinct defect theories T 2d typically
coalesce to one and the same defect theory T 2dms→∞. The discussion in Figure 5 illustrates
this phenomenon. See also Figure 11 for the example of all theories T 2d describing a generic
full puncture of the D4 little string.
An important point is that even though we focused on the case of a sphere with two full
punctures and an additional arbitrary puncture, the formalism we developed is automatically
suited to study a sphere with an arbitrary number of defects.
Simply choose a set of weights WS , as done before. If there are k subsets of weights which
add up to zero in WS , then the little string is in fact compactified on a sphere with k + 2
punctures. This just follows from linearity of equation (2.12). In particular, for the case
of the sphere with 3 punctures we have been analyzing, there are then no proper subset
of weights in WS that add up to zero. An immediate consequence is that not all quiver
theories characterize a sphere with two full punctures and a third arbitrary one: some quivers
represent composite arbitrary defects (and two full punctures). See Figure 12.
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1
3
3 5
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3
1
3
1
4 6
3
4
2 1
2
4 6
4
3
2 1
2
Figure 11: All D4 2d quiver theories one obtains from a set WS of 5 weights, and which all
denote full punctures. In the CFT limit, all these theories produce the same full puncture,
denoted by the parabolic subalgebra p∅. In particular, the Coulomb branch of T
2d
ms→∞ for
all these theories has dimension twelve.
2 2 2
2 2
3 6 9 6 3
6
3
ω1 : [−1, 0, 0]
ω2 : [ 1, 0, 0]
ω3 : [ 1,−1, 0]
ω4 : [−1, 1, 0]
ω1 : [ 0, 0, 0, 0, 0, 0]
ω2 : [ 0, 0, 0, 0, 0,−1]
ω3 : [ 0, 0, 0, 0, 0, 1]
Figure 12: Left: a four-punctured sphere of A3, with two maximal (full) punctures and
two minimal (simple) punctures, both denoted by the parabolic subalgebra p{α2,α3}. The
two simple punctures indicate that there are two subsets of weights in WS that add up to
zero. In this specific example, the fact that the weights [1,−1, 0] and [−1, 1, 0] denote a
simple puncture can easily be seen by applying a Weyl reflection about the first simple root
of A3. Right: a four-punctured sphere of E6, with two maximal punctures and two other
punctures; the first of these is the minimal puncture, denoted by the zero weight in the
6-th fundamental representation, and is unpolarized. The second puncture is polarized, and
distinguishes the parabolic subalgebra p{α1,α2,α3,α4,α5}.
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As a final remark, let us mention that the techniques we used in this note to study codimension-
two defects of the little string can also be applied to analyze codimension-four defects; these
defects do not originate as D5 branes in the (2, 0) little string, but as D3 branes instead,
before considering any T 2 compactification.
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7 Examples
7.1 An Examples
n n− 1 n− 2 2 1 Θ = ∅
n+ 1
n− 1 n− 1 n− 2 2 1 Θ = {αi},
i = 1, . . . , n.
n− 1 1
1 1 1 1 1
Θ = ∆ \ {α1} or
Θ = ∆ \ {αn}.
1 1
Figure 13: The top quiver is the full puncture, denoted by the partition [1n+1]. The middle
quiver is the next to maximal puncture, with partition [2, 1n−1]. The bottom quiver is the
simple puncture. It is denoted by the partition [n, 1], and has two associated parabolic
subalgebras: p∆\{α1} and p∆\{αn}.
We can explicitly write the parabolic subalgebras in some representation; for An, it is
customary to do so in the fundamental representation. Therefore, in what follows, the
matrices are valued in sl(n+ 1); a star ∗i denotes a nonzero complex number, and the label
“i” stands for the positive root ei. A star ∗−i denotes a nonzero complex number, and the
label “−i” stands for the negative root −ei. Unless specified otherwise, a partition refers to
a semi-simple element denoting the Higgs field structure of the theory. These partitions are
related to the nilpotent element partitions from section 4 by transposition in the An case,
and more generally by the Spaltenstein map (cf. [31]).
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7.1.1 Maximal (“full”) Puncture
We start with the set WS of all weights in the n-th fundamental representation (antifun-
damental). Writing wi for the highest weight of the i-th fundamental representation, the
weights can be written as:
ω1 = −w1
ω2 = −w1 + α1
ω3 = −w1 + α1 + α2
... =
...
ωn+1 = −w1 + α1 + α2 + . . .+ αn,
from which we read the top 2d quiver in Figure 13. This is called the full puncture. We
compute the inner product of the weights with the positive roots:
ω1 ≡ [−1, 0, 0, . . . , 0] has a negative inner product with:
α1 , α1 + α2 , . . . , α1 + α2 + . . .+ αn
ω2 ≡ [1,−1, 0, . . . , 0] has a negative inner product with:
α2 , α2 + α3 , . . . , α2 + α3 + . . .+ αn
ω3 ≡ [0, 1,−1, 0, . . . , 0] has a negative inner product with:
α3 , α3 + α4 , . . . , α3 + α4 + . . .+ αn
...
...
ωn+1 ≡ [0, . . . , 0, 0, 1] has no negative inner product with any of the positive roots.
Since all of the positive roots of g have a negative inner product with some weight, they
define the nilradical n∅. The parabolic subalgebra is p∅. It is denoted by the partition [1
n+1],
which is immediately readable from the Levi subalgebra with symmetry S(U(1)n+1).
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The Levi decomposition gives:
p∅ =

∗ ∗1 ∗1+2 · · · ∗1+...+(n−1) ∗1+...+n
0 ∗ ∗2 · · · · · · ∗2+...+n
...
. . . . . . . . .
...
...
...
. . . . . . ∗(n−1) ∗(n−1)+n
...
. . . ∗ ∗n
0 · · · · · · · · · 0 ∗

,
with p∅ = l∅ ⊕ n∅, where
l∅ =

∗ 0 · · · · · · · · · 0
0 ∗ . . . ...
...
. . . . . . . . .
...
...
. . . . . . . . .
...
...
. . . ∗ 0
0 · · · · · · · · · 0 ∗

and
n∅ =

0 ∗1 ∗1+2 · · · ∗1+...+(n−1) ∗1+...+n
0 0 ∗2 · · · · · · ∗2+...+n
...
. . . . . . . . .
...
...
...
. . . . . . ∗(n−1) ∗(n−1)+n
...
. . . 0 ∗n
0 · · · · · · · · · 0 0

.
We see explicitly that the nonzero inner products 〈eγ, ωi〉 make up the i-th line of the
nilradical n∅.
In this example, there is in fact one other set WS that singles out the nilradical n∅; it is the
set of all weights in the first fundamental representation of An. The resulting 2d quiver is
again the top one in Figure 13, but with reversed orientation.
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Now we analyze this defect from the Toda CFT perspective: starting from our set WS and
recalling that β =
∑|WS |
i=1 βˆiwi, WS defines the Toda momentum vector β. We can write
this momentum β explicitly as the semi-simple element diag(β1, β2, . . . , βn+1), where all the
entries add up to 0. One checks at once that the commutant of this element is the Levi
subalgebra l∅ written above.
The flag manifold T ∗(G/P) associated to this defect also appears as the resolution of the
Higgs branch of the same quiver,
n n− 1 2 1n+ 1
which is an instance of mirror symmetry, since the complete flag is self-mirror. Furthermore,
it is easy to see from the method of section 4.2 that the nilpotent orbit associated to this
theory is the maximal nilpotent orbit of An, denoted by the partition [n+ 1].
7.1.2 Next to Maximal Puncture
We start by constructing the set WS : Consider all the n+ 1 weights of the n-th fundamental
representation. For each 1 ≤ i ≤ n, the set contains two unique weights ωi and ωi+1 such
that αi = ωi − ωi+1, with αi the i-th simple root. Remove ωi and ωi+1 from the set, and
replace them with the single weight ω′ ≡ ωi + ωi+1. ω′ is always a weight in the n− 1-th
fundamental representation of An. Therefore, the set we consider is made of n− 1 weights
in the n-th fundamental representation, and the weight ω′ in the n − 1-th fundamental
representation. It is easy to check that the sum of these weights is 0, so these n weights
define a valid set WS . The weights once again define a 2d quiver gauge theory T 2d; it is
shown in the middle of Figure 13. All of the positive roots except the i-th simple root αi
have a negative inner product with at least one weight ωi ∈ WS , so these positive roots
define the nilradical n{αi}.
For a given simple root αi, the parabolic subalgebra is then p{αi}. It is denoted by the
partition [2, 1n−1], which is immediately readable from the Levi subalgebra with symmetry
S(U(2)× U(1)n−1).
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The Levi decomposition gives:
p{αi} =

∗ ∗1 ∗1+2 · · · · · · · · · · · · · · · ∗1+...+(n−1) ∗1+...+n
0 ∗ ∗2 · · · · · · · · · · · · · · · · · · ∗2+...+n
...
. . . . . . . . .
...
...
...
. . . . . . . . .
...
...
... 0 ∗ ∗i ... ...
... ∗−i ∗ . . . ... ...
... 0
. . . . . .
...
...
...
. . . . . . ∗(n−1) ∗(n−1)+n
...
. . . ∗ ∗n
0 · · · · · · · · · · · · · · · · · · · · · 0 ∗

,
with p{αi} = l{αi} ⊕ n{αi}, where
l{αi} =

∗ 0 · · · · · · · · · · · · · · · 0
0 ∗ . . . ...
...
. . . . . . 0
...
... 0 ∗ ∗i ...
... ∗−i ∗ 0 ...
... 0
. . . . . .
...
...
. . . ∗ 0
0 · · · · · · · · · · · · · · · 0 ∗

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and
n{αi} =

0 ∗1 ∗1+2 · · · · · · · · · · · · · · · ∗1+...+(n−1) ∗1+...+n
0 0 ∗2 · · · · · · · · · · · · · · · · · · ∗2+...+n
...
. . . . . . . . .
...
...
...
. . . . . . ∗i−1 ... ...
...
. . . 0 0
...
...
... 0 0 ∗i+1 ... ...
...
. . . . . . . . .
...
...
...
. . . . . . ∗(n−1) ∗(n−1)+n
...
. . . 0 ∗n
0 · · · · · · · · · · · · · · · · · · · · · 0 0

.
There is in fact another set WS that spells out the nilradical n{αi} for fixed αi; just as for
the full puncture, the corresponding 2d quiver would be the middle one in Figure 13, but
again with reversed orientation.
Now we rederive this result from the Toda CFT perspective: consider once again the set
WS . We define the momentum vector β from β =
∑|WS |
i=1 βˆiωi. It is easy to check that
〈β, αi〉 = 0
for the simple root αi, since β has a unique 0 as its i-th Dynkin label. This defines a null
state at level 1 in the CFT. One can easily check that there is only one other set WS such
that 〈β, αi〉 = 0; this alternate choice gives the reflection of our 2d quiver. Also note that
the commutant of the semi-simple element β is the Levi subalgebra lαi written above in the
fundamental representation.
We make the following important observations:
• This puncture is in fact described by many sets WS . To obtain them, one simply
considers all possible Weyl group actions that preserve the root sign: w(αi) must be
a positive root. Then all possible momenta are given by β′ = w(β). Note that the
condition 〈β, αi〉 = 0 is Weyl invariant: 〈β, αi〉 = 〈β′, w(αi)〉. Therefore, from the CFT
perspective, the momentum of this different theory satisfies instead:
〈β′, w(αi)〉 = 0.
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Because w(αi) is a positive non-simple root, this is strictly speaking a higher than
level-1 null state condition of An-Toda. As explained in section 5.1, this higher level
distinction is not relevant in the semi-classical limit ~→ 0 (or Q→ 0 in Toda), which
is enough for our purposes. The explicit null state for all the theories obtained from
the sets WS can then be written at level 1, it is(
W
(n+1)
−1 + βiW
(n)
−1 + β
2
iW
(n−2)
−1 + · · ·+ βn−1i W (2)−1
)
|~β〉. (7.70)
Here, W
(j)
−1 is the mode −1 of the spin j generator, and βi is the i-th entry of β, written
in the fundamental representation, where i labels the singled-out simple root αi. The
eigenvalues of the W
(j)
0 modes are then functions of all the entries of β.
• All of the many different sets WS mentioned above give rise to the same 2d quiver
gauge theory, in the middle of Figure 13.
• The definition of the weight ω′ ≡ ωi + ωi+1 above is an illustration of the weight
addition rule from section 6.1. This corresponds to moving on the Higgs branch, and
transitioning from the top quiver to the middle quiver in Figure 13. In gauge theory
terms, when the hypermultiplet masses for ωi and ωi+1 of the full puncture are set
equal, one can transition from the top 2d theory to the middle 2d theory, which has a
single hypermultiplet mass for ω′ instead.
• The nilpotent orbit associated to this puncture is the unique subregular nilpotent orbit
of An, with partition [n, 1].
The flag manifold T ∗(G/P) also appears as the resolution of the Higgs branch of the quiver
n− 1 n− 2 2 1n+ 1
which is again mirror to ours.
7.1.3 Minimal (“simple”) Puncture
We start by constructing the setWS . Writing wi for the highest weight of the i-th fundamental
representation, we define WS as:
ω1 = −wn,
ω2 = −w1 + α1 + α2 + . . .+ αn.
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Written as above, the weights spell out the 2d quiver at the bottom of Figure 13. This is
called the simple puncture. We compute the inner product of the weights with the positive
roots:
ω1 ≡ [0, 0, . . . , 0,−1] has a negative inner product with:
αn, αn + αn−1, . . . , αn + αn−1 + . . .+ α1
ω2 ≡ [0, 0, . . . , 0, 1] has no negative inner product with any of the positive roots.
So the only positive roots of g that have a negative inner product with some weight ωi ∈ WS
are αn, αn + αn−1, . . . , αn + αn−1 + . . .+ α1, and they define the nilradical n∆\{αn}. The
parabolic subalgebra is then p∆\{αn}. It is denoted by the partition [n, 1], which is immediately
readable from the Levi subalgebra with symmetry S(U(n)× U(1)). The Levi decomposition
gives:
p∆\{αn} =

∗ ∗1 ∗1+2 · · · · · · ∗1+...+(n−1) ∗1+...+n
∗−1 ∗ ∗2 · · · · · · ∗2+...+(n−1) ∗2+...+n
∗−(1+2) ∗−2 ∗ · · · · · · ∗3+...+(n−1) ∗3+...+n
...
...
...
. . . · · · ... ...
...
...
... · · · . . . ∗(n−1) ∗(n−1)+n
∗−(1+...+(n−1)) ∗−(2+...+(n−1)) ∗−(3+...+(n−1)) · · · ∗−(n−1) ∗ ∗n
0 0 0 · · · 0 0 ∗

,
with p∆\{αn} = l∆\{αn} ⊕ n∆\{αn}, where
l∆\{αn} =

∗ ∗1 ∗1+2 · · · · · · ∗1+...+(n−1) 0
∗−1 ∗ ∗2 · · · · · · ∗2+...+(n−1) 0
∗−(1+2) ∗−2 ∗ · · · · · · ∗3+...+(n−1) 0
...
...
...
. . . · · · ... ...
...
...
... · · · . . . ∗(n−1) 0
∗−(1+...+(n−1)) ∗−(2+...+(n−1)) ∗−(3+...+(n−1)) · · · ∗−(n−1) ∗ 0
0 0 0 · · · 0 0 ∗

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and
n∆\{αn} =

0 · · · · · · · · · · · · 0 ∗1+...+n
...
. . .
... ∗2+...+n
...
. . .
... ∗3+...+n
...
. . .
...
...
...
. . .
... ∗(n−1)+n
0 · · · · · · · · · · · · 0 ∗n
0 · · · · · · · · · · · · 0 0

.
We see explicitly that the non-zero inner products 〈eγ, ωi〉 give the last column of the
nilradical n∆\{αn}.
Now we rederive this result from the CFT perspective: consider once again the set WS . We
define the momentum vector β from β =
∑|WS |
i=1 βˆiωi. It is easy to check that
〈β, αi〉 = 0, i = 1, 2, . . . , n− 1
since β has a 0 as its i-th Dynkin label for i = 1, 2, . . . , n− 1. This defines many level 1 null
states in the CFT. One can easily check that no other set WS satisfies the above vanishing
inner product conditions. Also note that the commutant of the semi-simple element β is the
Levi subalgebra l∆\{αn} written above in the fundamental representation.
We make the following important observations:
• This puncture is in fact described by many sets WS . To obtain them, one simply
considers all possible Weyl group actions that preserve the root sign: w(αi) must be a
positive root; the details are in the previous example. The upshot is once again that
the explicit null states for all these 2d theories can be written at level 1; they are:(
W
(n+1)
−1 + βW
(n)
−1 + β
2W
(n−2)
−1 + . . .+ β
n−1W (2)−1
)
|~β〉, (7.71)
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and the n− 1 derivatives of this equation with respect to β:(
W
(n)
−1 + 2βW
(n−2)
−1 + . . .+ (n− 1)βn−2W (2)−1
)
|~β〉(
2W
(n−2)
−1 + . . .+ (n− 1)(n− 2)βn−3W (2)−1
)
|~β〉
...
W
(2)
−1 |~β〉
Here, W
(j)
−1 is the mode −1 of the spin j generator, and ~β=diag(β, β, . . . , β,−nβ),
written in the fundamental representation. The eigenvalues of the W
(j)
0 modes are
again functions of β.
• All the many different sets WS mentioned above give rise to the same 2d quiver gauge
theory, in the bottom of Figure 13, and they all characterize the parabolic subalgebra
p∆\{αn}, even if not directly readable from the positive root inner products with the
Weyl reflected weights.
• Once again, we can use the weight addition procedure to move on the Higgs branch,
and transition from the top quiver to the bottom quiver in Figure 13. In gauge theory
terms, when the hypermultiplet masses for ω1, ω2, . . ., ωn of the full puncture are set
equal, one can transition from the top 2d theory to the bottom 2d theory, which has a
single hypermultiplet mass for the single weight ω1 + ω2 + . . .+ ωn instead. Explicitly,
[−1, 0, 0, . . . , 0] + [1,−1, 0, . . . , 0] + . . .+ [0, . . . , 0, 1,−1] = [0, 0, . . . , 0,−1].
• The nilpotent orbit for this theory is the minimal non-trivial orbit of An, with partition
[1n+1].
The flag manifold T ∗(G/P) associated to this defect also appears as the resolution of the
Higgs branch of the quiver
1n+ 1
which is the Grassmanian G(1, n + 1). Note this is again precisely mirror to our quiver
theory T 2d.
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7.2 Dn Examples: Polarized Theories
7.2.1 Examples for Arbitrary n
3 5 7 2n− 3
n− 1
n− 1
1 1
1
1
Θ = {α2, α2, . . . , αn−2}
2 2 2 2
1
1
2
Θ = ∆ \ {α1}
Figure 14: The top quiver is a nontrivial puncture characterized by the parabolic subalgebra
p{α2,α3,...,αn−2}. It is denoted by the partition [(n− 2)2, 14] in the fundamental representation.
The bottom quiver is the simple puncture of Dn, characterized by the parabolic subalgebra
p∆\{α1}. It is denoted by the partition [2n− 2, 12].
Here, we give two nontrivial Dn examples. We proceed as in the An case and start by
constructing a valid set of weights WS :
ω1 ≡ [ 1, 0, . . . , 0, 0, 0],
ω2 ≡ [ 0, 0, . . . , 0,−1, 0],
ω3 ≡ [ 0, 0, . . . , 0, 0,−1],
ω4 ≡ [−1, 0, . . . , 0, 1, 1].
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These weights obviously add up to 0, so they define a valid set WS . Now note that:
ω1 = −w1 + 2α1 + 2α2 + . . .+ 2αn−2 + αn−1 + αn
ω2 = −wn−2 + α1 + 3α2 + 5α3 . . .+ (2n− 5)αn−2 + (n− 2)αn−1 + (n− 2)αn
ω3 = −wn−1
ω4 = −wn
This defines the 2d quiver gauge theory T 2d shown on top of Figure 14. Computing 〈eγ, ωi〉
for all positive roots eγ, we identify the nilradical n{α2,α3,...,αn−2}. Therefore, we associate to
WS the parabolic subalgebra p{α2,α3,...,αn−2} from the Levi decomposition.
Now we rederive this result from the CFT perspective: consider once again the set WS . We
define the momentum vector β from β =
∑|WS |
i=1 βˆiωi. It is easy to check that
〈β, αi〉 = 0, i = 2, 3, . . . , n− 2
since β has a 0 as its i-th Dynkin label for i = 2, 3, . . . , n− 2. This defines many level 1 null
states in the CFT. One can easily check that no other set WS satisfies 〈β, αi〉 = 0. Also note
that the commutant of the semi-simple element β is the Levi subalgebra l{α2,α3,...,αn−2}.
We make the following important observations:
• This puncture features the instance of a new phenomenon: there are in fact many 2d
quivers associated to the parabolic subalgebra p{α2,α3,...,αn−2}. We just exhibited one
possible 2d quiver among many valid others.
• Just as in the An case, there are many different sets WS for each 2d quiver, which do
not directly allow us to read off the parabolic subalgebra. The upshot is once again
that the explicit null states for all these sets WS can be written at level 1; they are
given by: (
(W˜ (n))2−1 + β
2W
(2n−2)
−1 + β
4W
(2n−4)
−1 + · · ·+ β2n−2W (2)−1
)
|~β〉 (7.72)
and derivatives of this equation with respect to β. Here, W
(j)
−1 is the mode −1 of the
spin j generator. In the split representation of so(2n), a generic semi-simple element is
~β = diag(β1, β2, . . . , βn,−β1,−β2, . . . ,−βn). The puncture we study sets n− 2 entries
βi equal to each other; call them β (and so n− 2 entries −βi become −β). It is this
parameter β that appears in the null state (7.72).
• We can also identify the nilpotent orbit corresponding to this theory: for even n,
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it is given by the partition [5, 3, 2n−4], and for odd n, the orbit has the partition
[5, 3, 2n−5, 1, 1] (this agrees with the results of [35].)
We now turn to the second example. We start with the set of weights:
ω1 ≡ [ 1, 0, 0, . . . , 0] = −w1 + 2α1 + 2α2 + . . .+ 2αn−2 + αn−1 + αn
ω2 ≡ [−1, 0, 0, . . . , 0] = −w1
These weights obviously add up to 0, so they define a valid set WS . Written as above, they
spell out a 2d quiver theory T 2d shown at the bottom of Figure 14. Computing 〈eγ, ωi〉 for
all positive roots eγ , we identify the nilradical n∆\{α1}. So we associate to WS the parabolic
subalgebra p∆\{α1} from the Levi decomposition. Unlike the previous example, the 2d quiver
theory associated to this puncture is unique. All other possible sets WS are then obtained
by Weyl reflection.
The nilpotent orbit corresponding to this theory is the minimal non-trivial orbit in Dn, with
partition [3, 12n−2].
The corresponding space T ∗(G/P) also appears as the resolution of the Higgs branch of the
quiver
USp(2)SO(2n)
Note that this quiver theory is again mirror to ours.
7.2.2 Complete D4 Classification
In Figure 15 we give the full classification of surface defects for D4: the left column shows a
representative quiver T 2d from [7] that describes each puncture. The middle column shows
the subset of simple roots Θ which defines the parabolic subalgebra associated to T 2dms→∞.
The right column features all the nilpotent orbits, in the notation of [35], as Hitchin Young
diagrams. Note that lines 2 to 5 on the left denote one and the same nilpotent orbit, but
different parabolic subalgebras. More subtle is the fact that lines 2 and 3 on the right feature
the same Young diagram, but that is just an unfortunate misfortune in the notation: they
really denote distinct nilpotent orbits and parabolic subalgebras; the Levi decompositions
indeed yield two distinct nilradicals. An asterisk is written down to differentiate those two
punctures. In order to specify which of the three parabolic subalgebras the left 2d quiver of
line 6 is associated to, one would need to specify explicitly the set WS that defines it. We
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omitted writing WS for brevity.
The nilpotent orbit classification of punctures has a disadvantage: two distinct punctures
can be associated to one and the same Hitchin Young diagram (see for instance lines 2 and
3 on the right in Figure 15), so extra data is needed to differentiate them. Classifying the
CFT defects from the little string perspective, on the other hand, every polarized puncture
in the classification is associated to a distinct parabolic subalgebra. Unpolarized punctures,
however, have to be added separately. For D4, there is exactly one such unpolarized puncture:
the one featuring the null weight [0, 0, 0, 0]; we show the explicit quiver theory T 2d in the
section 7.4. It is interesting to note that special and non-special punctures in the classification
of [5] are treated on an equal footing in the little string formalism.
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2d Quiver Theory Θ Nilpotent orbit 2d Quiver Theory Θ Nilpotent orbit
4 5
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3
3
1
1
Θ = ∅ 2 4
2
3
1
2
Θ = {α1, α4}
2 4
3
3
2
2
Θ = {α1} 2 3
2
2
1
1
1
Θ = {αi, αj}
(i,j)=(1,2),(2,3),(2,4)
F
3 4
3
2
2
2
Θ = {α3} 2 4
2
2
2
Θ = {α1, α3, α4}
3 4
2
3
2
2
Θ = {α4} 2 2
1
1
2
Θ = {α2, α3, α4}
3 5
3
3
1 1
1
1
Θ = {α2} 1 2
2
1
2
Θ = {α1, α2, α3}
3 4
2
2
2 1
Θ = {α3, α4} 1 2
1
2 2
Θ = {α1, α2, α4}
2 4
3
2
1
2
Θ = {α1, α3}
Figure 15: Surface defects of D4. 2d quiver theories from the Little String are shown in
the left column. Parabolic subalgebras that arise in the CFT limit T 2dms→∞ are shown in the
middle column. Nilpotent orbits from the defect classification of [35] are shown in the right
column. We omitted writing down an explicit set of weights WS for each defect for brevity.
The minimal nilpotent orbit is analyzed separately in section 7.4.
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7.3 En Examples: Polarized Theories
Here, we give the quivers of En with the smallest number of Coulomb moduli that describe
a polarized puncture.
2 3 4 3 2
2
Θ = ∆ \ {α1} or
Θ = ∆ \ {α5}
1 1
2 4 6 5 4 3
3
Θ = ∆ \ {α6}
2
4 8 12 10 8 6 4
6
2
Θ = ∆ \ {α7}
Figure 16: The top, middle, and bottom quivers are E6, E7, and E8 2d theories respectively.
The associated parabolic subalgebras are p∆\{α1}, p∆\{α6}, and p∆\{α7} respectively. These
punctures all have Bala-Carter label 2A1 in the classification of [5].
For E6, we start with the set WS :
ω1 ≡ [ 1, 0, 0, 0, 0, 0] = −w5 + 2α1 + 3α2 + 4α3 + 2α4 + α5 + 2α6
ω2 ≡ [−1, 0, 0, 0, 0, 0] = −w1
This defines a 2d theory (shown in Figure 16). One checks at once from the positive roots
thatWS characterizes the nilradical n∆\{α1}, so the associated parabolic subalgebra is p∆\{α1}.
In fact, no other set WS is associated to this parabolic subalgebra. The level 1 null state
condition in the E6-Toda CFT is:
〈β, αi〉 = 0, i = 2, . . . , 6
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The set WS :
ω1 ≡ [0, 0, 0, 0, 1, 0] = −w1 + 2α1 + 3α2 + 4α3 + 2α4 + α5 + 2α6,
ω2 ≡ [0, 0, 0, 0,−1, 0] = −w5,
produces the same 2d quiver as above, but the associated parabolic subalgebra is instead
p∆\{α5}, and the level 1 null state condition is:
〈β, αi〉 = 0, i = 1, 2, 3, 4, 6.
All the other possible sets WS associated to p∆\{α1} are obtained by Weyl reflection on the
two weights (and the same is true about p∆\{α5}).
For E7, we start with the set WS :
ω1 ≡ [0, 0, 0, 0, 0, 1, 0] = −w6 + 2α1 + 4α2 + 6α3 + 5α4 + 4α5 + 3α6 + 3α7
ω2 ≡ [0, 0, 0, 0, 0,−1, 0] = −w6
This defines a 2d theory (shown in the middle of Figure 16). One checks at once from
the positive roots that WS characterizes the nilradical n∆\{α6}, so the associated parabolic
subalgebra is p∆\{α6}. In fact, no other set WS is associated to this parabolic subalgebra.
The level 1 null state condition in the E7-Toda CFT is:
〈β, αi〉 = 0, i = 1, 2, 3, 4, 5, 7.
All the other possible sets WS associated to p∆\{α6} are obtained by Weyl reflection on the
two weights.
For E8, we start with the set WS :
ω1 ≡ [0, 0, 0, 0, 0, 0, 1, 0] = −w7 + 4α1 + 8α2 + 12α3 + 10α4 + 8α5 + 6α6 + 4α7 + 6α8
ω2 ≡ [0, 0, 0, 0, 0, 0,−1, 0] = −w7
This defines a 2d theory (shown at the bottom of Figure 16). One checks at once from
the positive roots that WS characterizes the nilradical n∆\{α7}, so the associated parabolic
subalgebra is p∆\{α7}. In fact, no other set WS is associated to this parabolic subalgebra.
The level 1 null state condition in the E8-Toda CFT is:
〈β, αi〉 = 0, i = 1, 2, 3, 4, 5, 6, 8.
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All the other possible sets WS that are associated to p∆\{α7} are obtained by Weyl reflection
on the two weights.
7.4 Unpolarized Theories
Here we give some examples of unpolarized theories for Dn and En only, since there is no
such theory for An.
D4 D5 D6
1 2
1
1
1
1 2 2
1
1
1
2 3 4
2
2
1 1
1 2 2 2
1
1
1
1 2 3 4
1
1
1
2 3 4 4
2
2
1 1
2 4 5 6
3
3
1 1
3 4 5 6
3
3
2 1
Figure 17: Exhaustive list of unpolarized quiver gauge theories T 2d for D4, D5, and D6. The
nilpotent orbit in the classification of [35] is also written for reference.
The simplest case of an unpolarized quiver gauge theory arises when only a single fundamen-
tal hypermultiplet is present, so there is only one mass. The corresponding weight is then
the null weight, which is obviously not in the orbit of any fundamental weight. For instance,
such a scenario occurs for the unique unpolarized theory of D4, where the weight [0, 0, 0, 0]
is indeed in the second fundamental representation; see Figure 17 for examples in the Dn
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1 2 3 2 1
2
1
g : E6
B.-C.-label: A1
2 3 4 3 2 1
21
g : E7
B.-C.-label: A1
2 4 6 5 4 3 2
3 1
g : E8
B.-C.-label: A1
Figure 18: Examples of unpolarized quiver gauge theories for En. The ones shown here have
the smallest Coulomb branch dimension. The Bala Carter label A1 in the defect classification
of [5] is also written for reference.
case, and Figure 18 for examples in the En case.
As explained in section 6.3, unpolarized theories can also have more than one weight: for
example, looking atD5, it is possible to choose weights in the third fundamental representation
that actually belong to the orbit of the first fundamental weight instead. One can then
construct the bottom D5 quiver of Figure 17. An example of two weights that make up such
a quiver is [1, 0, 0, 0, 0], chosen in the first fundamental representation, and [−1, 0, 0, 0, 0],
chosen in the third fundamental representation. If one wishes, it is always possible to flow
on the Higgs branch and make these defects polarized, 6.3.
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